Sheaves on subanalytic sites by Prelli, Luca
ar
X
iv
:m
at
h/
05
05
49
8v
3 
 [m
ath
.A
G]
  1
5 F
eb
 20
07
SHEAVES ON SUBANALYTIC SITES
Lua Prelli
Contents
1 Sheaves on subanalyti sites 3
1.1 The subanalyti site. Notations and review . . . . . . . . . . 3
1.2 Operations on the subanalyti site. . . . . . . . . . . . . . . . 11
1.3 R-onstrutible sheaves on subanalyti sites . . . . . . . . . . 12
1.4 Proper diret image on Mod(kXsa) . . . . . . . . . . . . . . . 13
1.5 Quasi-injetive objets . . . . . . . . . . . . . . . . . . . . . . 17
1.6 The funtor ρ! . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2 Derived ategory 27
2.1 The ategory Db
R-c(kXsa) . . . . . . . . . . . . . . . . . . . . . 28
2.2 Operations in the derived ategory . . . . . . . . . . . . . . . 29
2.3 Vanishing theorems on Mod(kXsa) . . . . . . . . . . . . . . . 33
2.4 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3 Examples of appliations 39
3.1 Modules over a kXsa-algebra . . . . . . . . . . . . . . . . . . . 39
3.2 Sheaves of ρ!R-modules . . . . . . . . . . . . . . . . . . . . . 41
3.3 Some examples of subanalyti sheaves . . . . . . . . . . . . . 42
A Appendix 46
A.1 Review on subanalyti sets . . . . . . . . . . . . . . . . . . . . 46
A.2 Sheaves on Grothendiek topologies . . . . . . . . . . . . . . . 48
Bibliography 50
Abstrat
In [7℄ the authors introdued the notion of ind-sheaf, and dened
the six Grothendiek operations in this framework. They dened sub-
analyti sheaves and they obtained the formalism of the six Grothendiek
operations by inluding subanalyti sheaves into the ategory of ind-
sheaves. The aim of this paper is to give a diret onstrution of the six
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Grothendiek operations in the framework of subanalyti sites avoiding
the heavy theory of ind-sheaves. As an appliation we show how to
reover the subanalyti sheaves Ot and Ow of temperate and Whitney
holomorphi funtions respetively.
Introdution
Let X be a real analyti manifold and k a eld. Kashiwara and Shapira in
[7℄ dened and studied the ategory I(kX) of ind-sheaves on X. They dened
the six Grothendiek operations in this framework. As a byprodut they also
studied the ategory IR-c(kX) = Ind(Mod
c
R-c(kX)), where Mod
c
R-c(kX) is the
ategory of R-onstrutible sheaves on X with ompat support, and showed
the equivalene with the ategory Mod(kXsa) of sheaves on the subana-
lyti site assoiated to X. Then they obtained the formalism of the six
Grothendiek operations by inluding subanalyti sheaves into the ategory
of ind-sheaves.
Our aim in this paper is to give a diret, self-ontained and elementary on-
strution of the six Grothendiek operations onMod(kXsa), without using the
more sophistiated and muh more diult theory of ind-sheaves. Indeed,
ontrarily to the ategory I(kX), the ategory IR-c(kX) is a Grothendiek
ategory.
In more details, the ontents of this paper are as follows.
In Setion 1 we onstrut the operations in Mod(kXsa). We start realling
the denitions of the funtors ρ∗, ρ
−1
and ρ! of [7℄ and their properties. We
reall the internal operations and the funtors of diret and inverse image
(whih are well dened on any site) and we study their relations with ρ∗,
ρ−1 and ρ!. We also dene the funtor f!! of proper diret image, where the
notation f!! follows from the fat that f!!◦ρ∗ 6≃ ρ∗◦f! in general. We study its
properties and the relations with the others operations. While the funtors
f−1 and ⊗ are exat, the funtors Hom, f∗ and f!! are left exat, and we
introdue the subategory of quasi-injetive objets whih is injetive with
respet to these funtors.
In Setion 2 we onsider the derived ategory of Mod(kXsa). We start
by onsidering the subategory Db
R-c(kXsa) onsisting of bounded omplexes
with R-onstrutible ohomology, and we prove the equivalene of derived
ategories Db
R-c(kX) ≃ D
b
R-c(kXsa). Then we study the derived funtors of
Hom , f∗ and f!! and we obtain the usual formulas (projetion formula, base
hange formula, Künneth formula, et.) in the framework of subanalyti
sites. Using the Brown representability theorem we prove the existene of a
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right adjoint to the funtor Rf!!, denoted by f
!
. We alulate the funtor f !
by deomposing f as the omposite of a losed embedding and a submersion.
In Setion 3 we give some examples of subanalyti sheaves. Let R be
a sheaf of rings on Xsa. We start realling the denition of sheaves of R-
modules. When the ring is ρ!DX , where DX denotes the sheaf of nite order
dierential operators on a omplex analyti manifold X, we show how to re-
over the sheaves of ρ!DX -modules O
t
X and O
w
X of temperate and Whitney
holomorphi funtions of [7℄ respetively.
Aknowledgments. We would like to thank Prof. Pierre Shapira who
enouraged us to develop a theory of subanalyti sheaves independent of
that of ind-sheaves, and for his many useful remarks.
1 Sheaves on subanalyti sites
In the following X will be a real analyti manifold and k a eld. Referenes
are made to [8℄ and [14℄ for an introdution to sheaves on Grothendiek
topologies, to [5℄ for a omplete exposition on lassial sheaves and R-
onstrutible sheaves and to [1℄ and [10℄ for the theory of subanalyti sets.
The results of § 1.1 have already been proved in [7℄, for sake of ompleteness
we repropose here the proofs.
1.1 The subanalyti site. Notations and review
We introdue the subanalyti site and we reall some results of [7℄ for sub-
analyti sheaves. We use the notations of [7℄.
Denote by Opsa(X) the ategory of subanalyti subsets of X. One en-
dows Opsa(X) with the following topology: S ⊂ Opsa(X) is a overing of
U ∈ Opsa(X) if for any ompat subset K of X there exists a nite subset
S0 of S suh that K ∩
⋃
V ∈S0
V = K ∩ U . We will all Xsa the subanalyti
site, and for U ∈ Op(Xsa) we denote by UXsa the ategory Op(Xsa) ∩ U
with the topology indued by Xsa.
Remark 1.1.1 We use the notation UXsa to stress the dierene from Usa,
the subanalyti site assoiated to U . For example, let X = R2 and U =
R
2 \ {0}. Let Vn = {x ∈ R
2, |x| > 1
n
}. Then {Vn}n∈N ∈ Cov(Usa) but
{Vn}n∈N /∈ Cov(UXsa).
3
Let Mod(kXsa) denote the ategory of sheaves on Xsa. Then Mod(kXsa) is
a Grothendiek ategory, i.e. it admits a generator and small indutive limits,
and small ltrant indutive limits are exat. In partiular as a Grothendiek
ategory, Mod(kXsa) has enough injetive objets.
Remark 1.1.2 Denote by Opcsa(X) the ategory of relatively ompat sub-
analyti open subsets of X. One denotes by Xcsa the ategory Op
c
sa(X) with
the topology indued by Xsa. The forgetful funtor gives an equivalene of
ategories Mod(kXsa)
∼
→ Mod(kXcsa).
Proposition 1.1.3 Let {Fi}i∈I be a ltrant indutive system in Mod(kXsa)
and let U ∈ Opc(Xsa). Then
lim−→
i
Γ(U ;Fi)
∼
→ Γ(U ; lim−→
i
Fi).
Proof. By Remark 1.1.2 it is enough to prove the assertion in the ategory
Mod(kXcsa). Denote by “lim−→
i
Fi the presheaf V 7→ lim−→
i
Γ(V ;Fi) on X
c
sa. Let
U ∈ Opc(Xsa) and let S be a nite overing of U . Sine lim−→
i
ommutes with
nite projetive limits we obtain the isomorphism (“lim−→
i
Fi)(S)
∼
→ lim−→
i
Fi(S)
and Fi(U)
∼
→ Fi(S) sine Fi ∈ Mod(kXcsa) for eah i. Moreover the family
of nite overings of U is onal in Cov(U). Hene “lim−→
i
Fi
∼
→ (“lim−→
i
Fi)
+
.
Applying one again the funtor (·)+ we get
“lim−→
i
Fi ≃ (“lim−→
i
Fi)
+ ≃ (“lim−→
i
Fi)
++ ≃ lim−→
i
Fi.
Hene applying the funtor Γ(U ; ·) we obtain the isomorphism lim−→
i
Γ(U ;Fi)
∼
→
Γ(U ; lim−→
i
Fi) for eah U ∈ Op
c(Xsa). ✷
There is an easy way to onstrut sheaves on a subanalyti site
Proposition 1.1.4 Let F be a presheaf on Xcsa and assume that
(i) F (∅) = 0,
4
(ii) For any U, V ∈ Opc(Xsa) the sequene 0→ F (U ∩ V )→ F (U)⊕ F (V )→
F (U ∩ V )is exat.
Then F ∈ Mod(kXcsa) ≃ Mod(kXsa).
Proof. Let U ∈ Opc(Xsa) and let {Uj}
n
j=1 be a nite overing of U . We
have to show that the sequene
0→ F (U)→ ⊕1≤k≤nF (Uk)→ ⊕1≤i<j≤nF (Uij),
where the seond morphism sends (sk)1≤k≤n to (tij)1≤i<j≤n by tij = si|Uij −
sj|Uij . We shall argue by indution on n. For n = 1 the result is trivial, and
n = 2 is the hypothesis. Suppose that the assertion is true for j ≤ n− 1 and
set U ′ =
⋃
1≤k<nUk. By the indution hypothesis the following ommutative
diagram is exat
0

0

0 // F (U) // F (U ′) ∪ F (Un)

// F (U ′ ∩ Un)
⊕
i<n F (Ui)⊕ F (Un)

//
⊕
i<n F (Uin)
⊕
i<j<n F (Uij).
Then the result follows. ✷
Let ModR-c(kX) be the abelian ategory of R-onstrutible sheaves on X,
and onsider its subategory Modc
R-c(kX) onsisting of sheaves whose sup-
port is ompat.
We denote by ρ : X → Xsa the natural morphism of sites. We have
funtors
(1.1) ModcR-c(kX) ⊂ ModR-c(kX) ⊂ Mod(kX)
ρ∗ // Mod(kXsa).
ρ−1
oo
We will still denote by ρ∗ the restrition of ρ∗ toModR-c(kX) andMod
c
R-c(kX).
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Remark 1.1.5 By Proposition 1.1.3 for eah F ∈Mod(kX) and V ∈ Op
c(Xsa)
one has
Γ(V ; ρ∗F ) ≃ lim−→
U
Γ(V ; ρ∗FU ) ≃ Γ(V ; lim−→
U
ρ∗FU ),
where U ranges through the family of relatively ompat open subanalyti
subsets of X. This implies that lim−→
U
ρ∗FU
∼
→ ρ∗F .
Remark 1.1.6 The funtor ρ∗ does not ommute with ltrant indutive lim-
its. For example onsider the family {Vn}n∈N of Remark 1.1.1. We have
ρ∗lim−→
n
kVn ≃ ρ∗kR2\{0}, while for eah U ∈ Op
c
sa(R
2) with 0 ∈ ∂U we have
Γ(U ; lim−→
n
ρ∗kVn) ≃ lim−→
n
Γ(U ; ρ∗kVn) = 0.
Proposition 1.1.7 Let U be an open subanalyti subset of X and onsider
the onstant sheaf kUXsa ∈ Mod(kXsa). We have kUXsa ≃ ρ∗kU .
Proof. Let F be the presheaf dened by F (V ) = k if V ⊂ U , F (V ) = 0
otherwise. This is a separated presheaf and kUXsa = F
++
. Moreover there
is an injetive arrow F (V ) →֒ ρ∗kU (V ) for eah V ∈ Op(Xsa). Hene
F++ →֒ ρ∗kU sine the funtor (·)
++
is exat. Let W ∈ Op(Xsa) be on-
neted. We have F (W ) ≃ ρ∗kU (W ) ≃ k and then F
++ ≃ ρ∗kU sine
subanalyti open onneted subsets of X form a basis for the topology of
Xsa. ✷
Proposition 1.1.8 One has ρ−1 ◦ ρ∗
∼
→ id, in partiular the funtor ρ∗ is
fully faithful.
Proof. Let F ∈ Mod(kX ). Every x ∈ X has a fundamental neighborhood
system onsisting of open subanalyti subsets. Hene we have the hain of
isomorphisms
(ρ−1ρ∗F )x ≃ lim−→
x∈U
ρ−1ρ∗F (U) ≃ lim−→
x∈U
ρ∗F (U) ≃ lim−→
x∈U
F (U) ≃ Fx,
where U ranges through the family of open subanalyti neighborhoods of x.
✷
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Proposition 1.1.9 The restrition of ρ∗ to ModR-c(kX) is exat.
Proof. (i) Let us onsider an epimorphism G։ F in Modc
R-c(kX), we have
to prove that ψ : ρ∗G→ ρ∗F is an epimorphism. Let U ∈ Op
c(Xsa) and let
s ∈ Γ(U ; ρ∗F ) ≃ HomkX (kU , F ). Set G
′ = G×F kU . Then G
′ ∈ Modc
R-c(kX)
and moreover G′ ։ kU . There exists a nite {Ui}i∈I ⊂ Op
c(Xsa) with Ui
onneted for eah i suh that ⊕ikUi ։ G
′
. The omposition kUi → G
′ → kU
is given by the multipliation by ai ∈ k. Set I0 = {kUi ; ai 6= 0}, we may
assume ai = 1. We get a diagram
⊕i∈I0kUi
$$ $$H
H
H
H
H
H
H
H
H
// G′

// G

kU
s // F.
The omposition kUi → G
′ → G denes ti ∈ HomkX (kUi , G) = Γ(Ui; ρ∗G).
Hene for eah s ∈ Γ(U ; ρ∗F ) there exists a nite overing {Ui} of U and
ti ∈ Γ(Ui; ρ∗G) suh that ψ(ti) = s|Ui . This means that ψ is surjetive.
(ii) Let F ∈ ModR-c(kX ). By Remark 1.1.5 ρ∗F ≃ lim−→
U
ρ∗FU , where U
ranges through the family Opc(Xsa). The result follows sine ρ∗ is exat on
Modc
R-c(kX) and ltrant lim−→ are exat. ✷
Notations 1.1.10 Sine the funtor ρ∗ is fully faithful and exat on the at-
egory ModR-c(kX), we an identifyModR-c(kX) with its image in Mod(kXsa).
When there is no risk of onfusion we will write F instead of ρ∗F , for
F ∈ ModR-c(kX).
The following theorem gives a fundamental haraterization of subanalyti
sheaves and it will be used systematially in the following Setions.
Theorem 1.1.11 (i) Let G ∈ Modc
R-c(kX) and let {Fi} be a ltrant indu-
tive system in Mod(kXsa). Then we have an isomorphism
lim−→
i
HomkXsa (ρ∗G,Fi)
∼
→ HomkXsa (ρ∗G, lim−→
i
Fi).
(ii) Let F ∈ Mod(kXsa). There exists a small ltrant indutive system
{Fi}i∈I in Mod
c
R-c(kX) suh that F ≃ lim−→
i
ρ∗Fi.
7
Proof. (i) There exists an exat sequene G1 → G0 → G→ 0 with G1, G0
nite diret sums of onstant sheaves kU with U ∈ Op
c(Xsa). Sine ρ∗ is
exat on ModR-c(kX) and ommutes with nite sums, by Proposition 1.1.7
we are redued to prove the isomorphism lim−→
i
Γ(U ;Fi)
∼
→ Γ(U ; lim−→
i
Fi). Then
the result follows from Proposition 1.1.3.
(ii) Let F ∈ Mod(kXsa), and dene
I0 := {(U, s); U ∈ Op
c(Xsa), s ∈ Γ(U ;F )}
G0 := ⊕(U,s)∈I0ρ∗kU
The morphism ρ∗kU → F , where the setion 1 ∈ Γ(U ; kU ) is sent to s ∈
Γ(U ;F ) denes un epimorphism ϕ : G0 → F . Replaing F by kerϕ we
onstrut a sheaf G1 = ⊕(V,t)∈I1ρ∗kV and an epimorphism G1 ։ kerϕ.
Hane we get an exat sequene G1 → G0 → F → 0. For J0 ⊂ I0 set for
short GJ0 = ⊕(U,s)∈J0ρ∗kU and dene similarly GJ1 . Set
J = {(J1, J0); Jk ⊂ Ik, Jk is nite and imϕ|GJ1 ⊂ GJ0}.
The ategory J is ltrant and F ≃ lim−→
(J1,J0)∈J
coker(GJ1 → GJ0). ✷
Now we will introdue a left adjoint to the funtor ρ−1.
Proposition 1.1.12 Let F ∈ Mod(kXsa), and let U ∈ Op(X). Then
Γ(U ; ρ−1F ) ≃ lim←−
V⊂⊂U,V ∈Opc(Xsa)
Γ(V ;F )
Proof. By Theorem 1.1.11 we may assume F = lim−→
i
ρ∗Fi, with Fi ∈ Mod
c
R-c(kX)).
Then ρ−1F ≃ lim−→
i
ρ−1ρ∗Fi ≃ lim−→
i
Fi. We have the hain of isomorphisms
Γ(U ; ρ−1F ) ≃ lim←−
V⊂⊂U
Γ(V ; ρ−1F ) ≃ lim←−
V⊂⊂U
Γ(V ; lim−→
i
Fi)
≃ lim←−
V⊂⊂U
lim−→
i
Γ(V ;Fi) ≃ lim←−
V⊂⊂U
lim−→
i
Γ(V ;Fi)
≃ lim←−
V⊂⊂U
lim−→
i
Γ(V ; ρ∗Fi) ≃ lim←−
V⊂⊂U
Γ(V ;F ),
where V ∈ Opc(Xsa). The third isomorphism follows sine V is ompat
and the last isomorphism follows from Proposition 1.1.3. ✷
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Proposition 1.1.13 The funtor ρ−1 admits a left adjoint, denoted by ρ!.
It satises
(i) for F ∈ Mod(kX) and U ∈ Op(Xsa), ρ!F is the sheaf assoiated to the
presheaf U 7→ Γ(U ;F ),
(ii) for U ∈ Op(X) one has ρ!kU ≃ lim−→
V⊂⊂U,V ∈Opc(Xsa)
kV .
Proof. Let F˜ ∈ Psh(kXsa) be the presheaf U 7→ Γ(U ;F ), and let G ∈
Mod(kXsa). We will onstrut morphisms
HomPsh(kXsa )(F˜ , G)
ξ // HomkX (F, ρ
−1G)
ϑ
oo .
To dene ξ, let ϕ : F˜ → G and U ∈ Op(X). Then the morphism ξ(ϕ)(U) :
F (U)→ ρ−1G(U) is dened as follows
F (U) ≃ lim←−
V⊂⊂U,V ∈Opc(Xsa)
F (V )
ϕ
−→ lim←−
V⊂⊂U,V ∈Opc(Xsa)
G(V ) ≃ ρ−1G(U).
On the other hand, let ψ : F → ρ−1G and U ∈ Opc(Xsa). Then the
morphism ϑ(ψ)(U) : F˜ (U)→ G(U) is dened as follows
F˜ (U) ≃ lim−→
U⊂⊂V ∈Opc(Xsa)
F (V )
ψ
−→ lim−→
U⊂⊂V ∈Opc(Xsa)
ρ−1G(V )→ G(U).
By onstrution one an hek that the morphism ξ and ϑ are inverse to
eah others. Then (i) follows from the hain of isomorphisms
HomkXsa (F˜
++, G) ≃ HomPsh(kXsa )(F˜ , G) ≃ HomkXsa (F, ρ
−1G).
To show (ii), onsider the following sequene of isomorphisms
HomkXsa (ρ!kU , F ) ≃ HomkX (kU , ρ
−1F )
≃ lim←−
V⊂⊂U,V ∈Opc(Xsa)
HomkXsa (kV , F )
≃ HomkXsa ( lim−→
V⊂⊂U,V ∈Opc(Xsa)
kV , F ),
where the seond isomorphism follows from Proposition 1.1.12. ✷
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Proposition 1.1.14 The funtor ρ! is exat and ommutes with lim−→ and ⊗.
Proof. It follows by adjuntion that ρ! is right exat and ommutes with lim−→,
so let us show that it is also left exat. With the notations of Proposition
1.1.13, let F ∈ Mod(kX), and let F˜ ∈ Psh(kXsa) be the presheaf U 7→
Γ(U ;F ). Then ρ!F ≃ F˜
++
, and the funtors F 7→ F˜ and G 7→ G++ are left
exat.
Let us show that ρ! ommutes with ⊗. Let F,G ∈ Mod(kX), the morphism
F (U)⊗G(U )→ (F ⊗G)(U )
denes a morphism in Mod(kXsa)
ρ!F ⊗ ρ!G→ ρ!(F ⊗G)
by Proposition 1.1.13 (i). Sine ρ! ommutes with lim−→ we may suppose that
F = kU and G = kV and the result follows from Proposition 1.1.13 (ii). ✷
Proposition 1.1.15 The funtor ρ! is fully faithful. In partiular one has
ρ−1 ◦ ρ! ≃ id. Moreover, for F ∈ Mod(kX) and G ∈ Mod(kXsa) one has
ρ−1Hom(ρ!F,G) ≃ Hom(F, ρ
−1G).
Proof. For F,G ∈ Mod(kX) we have by adjuntion
HomkX (ρ
−1ρ!F,G) ≃ HomkX (F, ρ
−1ρ∗G) ≃ HomkX (F,G).
This also implies that ρ! is fully faithful, in fat
HomkXsa (ρ!F, ρ!G) ≃ HomkX (F, ρ
−1ρ!G) ≃ HomkX (F,G).
Now let K,F ∈ Mod(kX) and G ∈ Mod(kXsa), we have
HomkX (K, ρ
−1Hom(ρ!F,G)) ≃ HomkXsa (ρ!K,Hom(ρ!F,G))
≃ HomkXsa (ρ!K ⊗ ρ!F,G)
≃ HomkXsa (ρ!(K ⊗ F ), G)
≃ HomkX (K ⊗ F, ρ
−1G)
≃ HomkX (K,Hom(F, ρ
−1G))
and the result follows. ✷
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1.2 Operations on the subanalyti site.
Let X,Y be two real analyti manifolds, and let f : X → Y be a real analyti
map. This denes a morphism of sites f : Xsa → Ysa. We have a diagram
X
ρ

f // Y
ρ

Xsa
f // Ysa.
The following funtors are always well dened on a site
Hom : Mod(kXsa)
op ×Mod(kXsa)→ Mod(kXsa),
⊗ : Mod(kopXsa)×Mod(kXsa)→ Mod(kXsa),
f∗ : Mod(kXsa)→ Mod(kYsa),
f−1 : Mod(kYsa)→ Mod(kXsa).
Let us summarize their properties:
• the funtor Hom is left exat and ommutes with ρ∗,
• the funtor ⊗ is exat and ommutes with lim−→, ρ
−1
and ρ!,
• the funtor f∗ is left exat and ommutes with ρ∗ and lim←−,
• the funtor f−1 is exat and ommutes with lim−→, ⊗ and ρ
−1
,
• (f−1, f∗) is a pair of adjoint funtors.
Let Z be a subanalyti loally losed subset of X. As in lassial sheaf
theory we dene
ΓZ : Mod(kXsa) → Mod(kXsa)
F 7→ Hom(ρ∗kZ , F )
(·)Z : Mod(kXsa) → Mod(kXsa)
F 7→ F ⊗ ρ∗kZ .
We have
• the funtor ΓZ is left exat and ommutes with ρ∗ and lim←−,
• the funtor (·)Z is exat and ommutes with lim−→, ⊗ and ρ
−1
,
• ((·)Z ,ΓZ) is a pair of adjoint funtors.
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1.3 R-onstrutible sheaves on subanalyti sites
Let us onsider the ategory ModR-c(kX).
Proposition 1.3.1 Let F,G ∈ ModR-c(kX). Then ρ∗(F ⊗G) ≃ ρ∗F ⊗ρ∗G.
Proof. We may redue to the ase F = kU , G = kV with U, V ∈ Opsa(X).
In this ase ρ∗kU∩V ≃ ρ∗kU ⊗ ρ∗kV by Proposition 1.1.7. ✷
Corollary 1.3.2 Let F ∈ ModR-c(kX ), and let Z be a subanalyti loally
losed subset of X. Then ρ∗FZ ≃ (ρ∗F )Z .
Let X,Y be two real analyti manifolds, and let f : X → Y be a real
analyti map.
Proposition 1.3.3 Let f : X → Y be a real analyti map. Let G ∈
ModR-c(kY ). Then ρ∗f
−1G ≃ f−1ρ∗G.
Proof. Sine the funtor f−1 is exat, we may redue to the ase G = kV ,
with V ∈ Opsa(Y ). In this ase we have ρ∗f
−1kV ≃ ρ∗kf−1(V ) ≃ f
−1ρ∗kV ,
where the last isomorphism follows from Proposition 1.1.7. ✷
We apply the above results to alulate the funtor Hom in the ategory
Mod(kXsa).
Proposition 1.3.4 Let F = lim−→
i
Fi, with Fi ∈ Mod(kXsa) and let G =
lim−→
j
ρ∗Gj with Gj ∈ ModR-c(kX). One has
Hom(G,F ) ≃ lim←−
j
lim−→
i
Hom(ρ∗Gj , Fi).
Proof. For eah U ∈ Opc(Xsa) one has the isomorphisms
Γ(U,Hom(G,F )) ≃ HomkXsa (GU , F )
≃ lim←−
j
lim−→
i
HomkXsa (ρ∗GjU , Fi)
≃ lim←−
j
lim−→
i
Γ(U ;Hom(ρ∗Gj , Fi))
≃ Γ(U ; lim←−
j
lim−→
i
Hom(ρ∗Gj , Fi)).
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In the seond isomorphism we used Corollary 1.3.2, and the last isomorphism
follows from Proposition 1.1.3 and beause Γ(U ; ·) ommutes with lim←−. ✷
Corollary 1.3.5 Let F = lim−→
i
ρ∗Fi, G = lim−→
j
ρ∗Gj with Fi, Gj ∈ ModR-c(kX).
One has
Hom(G,F ) ≃ lim←−
j
lim−→
i
ρ∗Hom(Gj , Fi).
Proof. It follows from the fat that Hom ommutes with ρ∗ and from
Proposition 1.3.4. ✷
Corollary 1.3.6 Let F = lim−→
i
ρ∗Fi, with Fi ∈ Mod
c
R-c(X) be a sheaf on Xsa.
Let Z be a subanalyti loally losed subset of X. Then ΓZF ≃ lim−→
i
ρ∗ΓZFi.
1.4 Proper diret image on Mod(kXsa)
In [7℄ the authors dened the funtor f!! of proper diret image using ind-
sheaves. Here we give a diret onstrution:
f!! : Mod(kXsa) → Mod(kYsa)
F 7→ lim−→
U
f∗FU ≃ lim−→
K
f∗ΓKF
where U ranges trough the family of relatively ompat open subanalyti
subsets of X and K ranges trough the family of subanalyti ompat subsets
of X. One shall be aware that lim−→ is taken in the ategory Mod(kYsa). Let
V ∈ Opc(Ysa). Then Γ(V ; f!!F ) = lim−→
U
Γ(f−1(V );FU ) ≃ lim−→
K
Γ(f−1(V ); ΓKF ),
where U ranges trough the family of relatively ompat open subanalyti
subsets of X and K ranges trough the family of subanalyti ompat subsets
of X. If f is proper on supp(F ) then f∗ ≃ f!! and in this ase f!!◦ρ∗ ≃ ρ∗◦f!.
Remark 1.4.1 Remark that f!! ◦ ρ∗ 6= ρ∗ ◦ f! in general. Indeed let V ∈
Opcsa(Y ), then
Γ(V ; f!!ρ∗F ) = lim−→
K
HomkX (kf−1(V ),ΓKF ),
Γ(V ; ρ∗f!F ) = lim−→
Z
HomkX (kf−1(V ),ΓZF ),
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where Z ranges trough the family of losed subsets of f−1(V ) suh that f |Z :
Z → V is proper. Then
Γ(V ; f!!ρ∗F ) = {s ∈ Γ(f
−1(V );F ); supp(s) is ompat in X},
Γ(V ; ρ∗f!F ) = {s ∈ Γ(f
−1(V );F ); f : supp(s)→ V is proper}.
For example, let f : R2 → R be the projetion on the rst oordinate, and
let V = (a, b) ∈ Opcsa(R). Suppose that supp(s) = {(x, y) ∈ (a, b) × R, y =
1
(x−a)(b−x)}. Then f : supp(s)→ V is proper but supp(s) is not ompat.
Proposition 1.4.2 The funtor f!! ommutes with ltrant lim−→. Moreover
ρ−1 ◦ f!! ≃ f! ◦ ρ
−1
.
Proof. Let us show that f!! ommutes with ltrant lim−→. Let V ∈ Op
c
sa(Y )
and let {Fi}i be a ltrant indutive system in Mod(kXsa). Then
lim−→
K
HomkXsa (kf−1(V ),ΓK lim−→
i
Fi) ≃ lim−→
K
HomkXsa (kf−1(V )∩K , lim−→
i
Fi)
≃ lim−→
i,K
HomkXsa (kf−1(V )∩K , Fi)
≃ lim−→
i,K
HomkXsa (kf−1(V ),ΓKFi)
≃ lim−→
i
HomkYsa (kV , f!!Fi)
≃ HomkYsa (kV , lim−→
i
f!!Fi),
where the seond isomorphism follows from the fat that kf−1(V )∩K ∈Mod
c
R-c(kX).
Let us show ρ−1 ◦ f!! ≃ f! ◦ ρ
−1
. Let F = lim−→
i
ρ∗Fi. Sine f!! ommutes
with lim−→ and Fi has ompat support for eah i we have f!!F = lim−→
i
ρ∗f!Fi.
We have the hain of isomorphisms
f!ρ
−1lim−→
i
ρ∗Fi ≃ f!lim−→
i
ρ−1ρ∗Fi ≃ f!lim−→
i
Fi ≃ lim−→
i
f!Fi
≃ lim−→
i
ρ−1ρ∗f!Fi ≃ ρ
−1lim−→
i
ρ∗f!Fi.
✷
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Proposition 1.4.3 The funtor f∗ ommutes with ρ
−1
.
Proof. Let F ∈ Mod(kXsa). Then f∗F ≃ lim←−
K
f∗FK , where K ranges through
the family of subanalyti ompat subsets of X. We have the hain of iso-
morphisms
f∗ρ
−1F ≃ lim←−
K
f∗(ρ
−1F )K ≃ lim←−
K
f!!(ρ
−1F )K ≃ lim←−
K
f!!ρ
−1FK
≃ lim←−
K
ρ−1f!FK ≃ ρ
−1lim←−
K
f!FK ≃ ρ
−1lim←−
K
f∗FK ≃ ρ
−1f∗F,
where the seond and the sixth isomorphism follow from the fat that f is
proper on a ompat subset of X. ✷
Corollary 1.4.4 The funtor f−1 ommutes with ρ!.
Proof. It follows immediately by adjuntion. ✷
Proposition 1.4.5 Let F ∈Mod(kXsa) and G ∈Mod(kYsa). Then
f!!F ⊗G ≃ f!!(F ⊗ f
−1G).
Proof. Let F = lim−→
i
ρ∗Fi, G = lim−→
j
ρ∗Gj . The funtors ⊗, f!! and f
−1
ommute with lim−→
i
. Moreover supp(Fi ⊗ f
−1Gj) is ompat for eah i, j,
hene f is proper on it. Then
f!!lim−→
i
ρ∗Fi ⊗ lim−→
j
ρ∗Gj ≃ lim−→
i,j
ρ∗(f!Fi ⊗Gj)
≃ lim−→
i,j
ρ∗(f!(Fi ⊗ f
−1Gj))
≃ f!!(lim−→
i
ρ∗Fi ⊗ f
−1lim−→
i
ρ∗Gj).
In the rst isomorphism we used Proposition 1.3.1 and in the last one we
used Propositions 1.3.1 and 1.3.3. ✷
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Now let us onsider a artesian square
X ′sa
f ′ //
g′

Y ′sa
g

Xsa
f // Ysa
Proposition 1.4.6 Let F ∈Mod(kXsa). Then g
−1f!!F ≃ f
′
!!g
′−1F .
Proof. Let F = lim−→
i
ρ∗Fi. All the funtors in the above formula ommute
with lim−→
i
. Moreover sine supp(Fi) is ompat, f
′
is proper on supp(g′−1Fi)
for eah i. Then
g−1f!!lim−→
i
ρ∗Fi ≃ lim−→
i
ρ∗g
−1f!Fi ≃ lim−→
i
ρ∗f
′
! g
′−1Fi ≃ f
′
!!g
′−1lim−→
i
ρ∗Fi,
where the rst and the last isomorphisms follow from Proposition 1.3.3. ✷
Proposition 1.4.7 Let G ∈ ModR-c(kY ) and let F ∈ Mod(kXsa). Then the
natural morphism
f!!Hom(f
−1G,F )→Hom(G, f!!F )
is an isomorphism.
Proof. Let us onstrut the morphism. By adjuntion we have
f−1G⊗Hom(G−1, F )→ F,
hene, using the projetion formula we get
G⊗ f!!Hom(G
−1, F ) ≃ f!!(f
−1G⊗Hom(G−1, F ))→ f!!F,
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then by adjuntion we obtain the desired morphism. Let us show that it is
an isomorphism. We have the hain of isomorphisms
f!!Hom(f
−1G,F ) ≃ lim−→
K
f∗ΓKHom(f
−1G,F )
≃ lim−→
K
f∗Hom(f
−1G,ΓKF )
≃ lim−→
K
Hom(G, f∗ΓKF )
≃ Hom(G, lim−→
K
f∗ΓKF )
≃ Hom(G, f!!F ),
where the fourth isomorphism follows from Proposition 1.3.4. ✷
1.5 Quasi-injetive objets
Let us introdue a ategory whih is useful in order to nd ayli objets
with respet to the funtors dened in the previous setions.
Denition 1.5.1 An objet F ∈Mod(kXsa) is quasi-injetive if the funtor
HomkXsa (·, F ) is exat in Mod
c
R-c(kX) or, equivalently (see Theorem 8.7.2
of [8℄) if for eah U, V ∈ Opc(Xsa) with V ⊂ U the restrition morphism
Γ(U ;F )→ Γ(V ;F ) is surjetive.
It follows from the denition that injetive sheaves belong to JXsa. This
implies that JXsa is ogenerating. Moreover the ategory JXsa is stable by
ltrant lim−→ and
∏
.
Proposition 1.5.2 Let 0 → F ′ → F → F ′′ → 0 be an exat sequene in
Mod(kXsa) and assume that F
′
is quasi-injetive. Let U ∈ Opc(Xsa). Then
the sequene
0→ Γ(U ;F ′)→ Γ(U ;F )→ Γ(U ;F ′′)→ 0
is exat.
Proof. Let s′′ ∈ Γ(U ;F ′′), and let {Vi}
n
i=1 be a nite overing of U suh
that there exists si ∈ Γ(Vi;F ) whose image is s
′′|Vi . For n ≥ 2 on V1 ∩ V2
s1 − s2 denes a setion of Γ(V1 ∩ V2;F
′) whih extends to s′ ∈ Γ(X;F ′).
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Replae s1 with s1 − s
′
. We may suppose that s1 = s2 on V1 ∩ V2. Then
there exists t ∈ Γ(V1 ∪ V2) suh that t|Vi = si, i = 1, 2. Thus the indution
proeeds. ✷
Proposition 1.5.3 Let F ′, F, F ′′ ∈ Mod(kXsa), and onsider the exat se-
quene
0→ F ′ → F → F ′′ → 0.
Suppose that F ′, F ∈ JXsa . Then F
′′ ∈ JXsa.
Proof. Let U, V ∈ Opc(Xsa) with V ⊂ U and let us onsider the diagram
below
Γ(U ;F )
α

// Γ(U ;F ′′)
γ

Γ(V ;F )
β // Γ(V ;F ′′).
The morphism α is surjetive sine F is quasi-injetive and β is surjetive
by Proposition 1.5.2. Then γ is surjetive. ✷
Theorem 1.5.4 The family of quasi-injetive sheaves is injetive with re-
spet to the funtor HomkXsa (G, ·) for eah G ∈ ModR-c(kX).
Proof. (i) Let 0→ F ′ → F → F ′′ → 0 be an exat sequene in Mod(kXsa)
and assume that F ′, F, F ′′ ∈ JXsa. Let G ∈ Mod
c
R-c(kX). We have to show
that the sequene
0→ HomkXsa (G,F
′)→ HomkXsa (G,F )→ HomkXsa (G,F
′′)→ 0
is exat. G has a resolution
0→ ⊕i1∈I1kUi1 → . . .→ ⊕in∈InkUin
ϕ
→ G→ 0.
Where Ij is nite and Uij ∈ Op
c
sa(X) for eah ij ∈ Ij , j ∈ {1, . . . , n}. Let us
argue by indution on the length n of the resolution.
(a) If n = 1, then G is isomorphi to a nite sum ⊕ikUi , with Ui ∈
Opcsa(X), and the result follows from Proposition 1.5.2.
(b) Let us show n−1⇒ n. The sequene 0→ kerϕ→ ⊕in∈InkUin → G→
0 is exat. The sheaf kerϕ belongs to Modc
R-c(kX) and it has a resolution of
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length n− 1. We set for short G1 = kerϕ and G2 = ⊕in∈InkUin . We get the
following diagram where the olumns are exat
0

0

0

0 // HomkXsa (G,F
′)

// HomkXsa (G,F )

// HomkXsa (G,F
′′)

// 0
0 // HomkXsa (G2, F
′)

// HomkXsa (G2, F )

// HomkXsa (G2, F
′′)

// 0
0 // HomkXsa (G1, F
′)

// HomkXsa (G1, F )

// HomkXsa (G1, F
′′)

// 0
0 0 0
The seond row is exat by (i) and the third one is exat by the indution
hypothesis. Hene the top row is exat.
(ii) Let G ∈ ModR-c(kX), let 0 → F
′ → F → F ′′ → 0 be an exat
sequene in Mod(kXsa) with F
′ ∈ JXsa . Let {Vn}n∈N ∈ Cov(Xsa) suh that
Vn ⊂⊂ Vn+1. By (i), all the sequenes
0→ HomkXsa (GVn , F
′)→ HomkXsa (GVn , F )→ HomkXsa (GVn , F
′′)→ 0
are exat. Moreover sine F ′ ∈ JXsa the morphism HomkXsa (GVn+1 , F
′) →
HomkXsa (GVn , F
′) is surjetive for all n. Then by the Mittag-Leer property
(see Proposition 1.12.3 of [5℄) the sequene
0→ lim←−
n
HomkXsa (GVn , F
′)→ lim←−
n
HomkXsa (GVn , F )→ lim←−
n
HomkXsa (GVn , F
′′)→ 0
is exat. Sine lim←−
n
HomkXsa (GVn , ·) ≃ HomkXsa (G, ·) the result follows. ✷
Proposition 1.5.5 Let G ∈ ModR-c(kX). Then quasi-injetive sheaves are
injetive with respet to the funtor Hom(G, ·).
Proof. Let G ∈ ModR-c(kX). It is enough to hek that for eah U ∈
Op(Xsa) and eah exat sequene 0 → F
′ → F → F ′′ → 0 with F ′ ∈ JXsa ,
the sequene
0→ Γ(U ;Hom(G,F ′))→ Γ(U ;Hom(G,F ))→ Γ(U ;Hom(G,F ′′))→ 0
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is exat. We have Γ(U,Hom(G, ·)) ≃ HomkXsa (GU , ·), and quasi-injetive
objets are injetive with respet to the funtor HomkXsa (GU , ·) for eah
G ∈ ModR-c(kX), and for eah U ∈ Op(Xsa). ✷
Corollary 1.5.6 Quasi-injetive sheaves are injetive with respet to the
funtor ΓZ for eah loally losed subanalyti subset Z of X.
Corollary 1.5.7 Let F ∈ Mod(kXsa) be quasi-injetive. Then the funtor
Hom(·, F ) is exat on ModR-c(kX).
Proof. Let F ∈ Mod(kXsa) be quasi-injetive. There is an isomorphism of
funtors Γ(U ;Hom(·, F )) ≃ HomkXsa ((·)U , F ) for eah U ∈ Op(Xsa). The
funtor HomkXsa ((·)U , F ) is exat on ModR-c(kX) and the result follows. ✷
Proposition 1.5.8 Let F ∈ Mod(kXsa). Then F is quasi-injetive if and
only if Hom(G,F ) is quasi-injetive for eah G ∈ ModR-c(kX).
Proof. (i) Let F be quasi-injetive, and let G ∈ ModR-c(kX). We have
HomkXsa (·,Hom(G,F )) ≃ HomkXsa (· ⊗ G,F ), and HomkXsa (· ⊗ G,F ) is
exat on Modc
R-c(kX).
(ii) Suppose that Hom(G,F ) is quasi-injetive for eah G ∈ ModR-c(kX).
The result follows by setting G = kX . ✷
Corollary 1.5.9 The funtor ΓZ send quasi-injetive objets to quasi-injetive
objets for eah loally losed subanalyti subset Z of X.
Let f : X → Y be a morphism of real analyti manifolds.
Proposition 1.5.10 Quasi-injetive sheaves are injetive with respet to the
funtor f∗. The funtor f∗ sends quasi-injetive objets to quasi-injetive
objets.
Proof. (i) Let us onsider V ∈ Op(Ysa). There is an isomorphism of funtors
Γ(V ; f∗(·)) ≃ Γ(f
−1(V ); ·). It follows from Proposition 1.5.4 that JXsa is
injetive with respet to the funtor Γ(f−1(V ); ·) ≃ HomkXsa (kf−1(V ), ·) for
any V ∈ Op(Ysa).
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(ii) Let F ∈ JXsa. For eah G ∈ Mod
c
R-c(kY ) we have HomkYsa (G, f∗F ) ≃
HomkXsa (f
−1G,F ). Sine f−1 is exat and sendsModcR-c(kY ) toModR-c(kX),
Proposition 1.5.4 implies that the funtor HomkXsa (f
−1(·), F ) is exat on
ModcR-c(kY ). ✷
Proposition 1.5.11 The family of quasi-injetive sheaves is f!!-injetive.
The funtor f!! sends quasi-injetive objets to quasi-injetive objets.
(i) Let 0 → F ′ → F → F ′′ → 0 be an exat sequene in Mod(kXsa) and
assume that F ′ ∈ JXsa. We have to hek that the sequene 0 → f!!F
′ →
f!!F → f!!F
′′ → 0 is exat. Sine F ′ ∈ JXsa , we have ΓKF
′ ∈ JXsa .
Moreover JXsa is injetive with respet to ΓK and f∗. This implies that the
sequene
0→ f∗ΓKF
′ → f∗ΓKF → f∗ΓKF
′′ → 0
is exat. Applying the exat funtor lim−→
K
we nd that the sequene
0→ lim−→
K
f∗ΓKF
′ → lim−→
K
f∗ΓKF → lim−→
K
f∗ΓKF
′′ → 0
is exat.
(ii) Let K be a ompat subanalyti subset of X. The funtors ΓK and f∗
send quasi-injetive objets to quasi-injetive objets, then f∗ΓKF ∈ JYsa .
Sine JYsa is stable by ltrant lim−→, the result follows. ✷
Let S be a losed subanalyti subset of X and let iS : S →֒ X be the
losed embedding. Let F = lim−→
i
ρ∗Fi ∈ Mod(kXsa) with Fi ∈ Mod
c
R-c(kX).
We have FS ≃ lim−→
i
ρ∗FiS ≃ lim−→
i
ρ∗iS∗i
−1
S Fi ≃ iS∗i
−1
S F .
Lemma 1.5.12 Let S be a losed subanalyti subset of X and let U ∈
Opc(Xsa). Let F ∈ Mod(kXsa). Then Γ(U ;FS) ≃ lim−→
V⊃S∩U
Γ(V ;F ), with
V ∈ Opc(Xsa).
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Proof. Let F ∈ Mod(kXsa). Then F ≃ lim−→
i
ρ∗Fi with Fi ∈ Mod
c
R-c(kX). We
have the hain of isomorphisms
Γ(U ;FS) ≃ lim−→
i
Γ(U ;FiS)
∼
← lim−→
i,V⊃S∩U
Γ(V ;Fi)
≃ lim−→
V⊃S∩U
Γ(V ;F ),
where V ranges through the family of relatively ompat open subanalyti
subsets of X ontaining S ∩U . The seond isomorphism follows sine the Fi
is R-onstrutible for eah i. ✷
Proposition 1.5.13 Let S be a losed subanalyti subset of X and let F ∈
Mod(kXsa) be quasi-injetive. Then FS is quasi-injetive.
Proof. Let U, V ∈ Opc(Xsa) with V ⊂ U . Sine F is quasi-injetive and in-
dutive limits are right exat, the morphism lim−→
U ′⊃S∩U
Γ(U ′;F )→ lim−→
V ′⊃S∩V
Γ(V ′;F )
with V ′, U ′ ∈ Opc(Xsa), is surjetive. Hene by Lemma 1.5.12 the morphism
Γ(U ;FS)→ Γ(V ;FS) is surjetive and the result follows. ✷
Reall that F ∈ Mod(kX) is -soft if the natural morphism Γ(X;F ) →
Γ(K,F ) is surjetive for eah ompat K ⊂ X. If F is -soft and Z is a
loally losed subset of X, then FZ is -soft. Moreover -soft sheaves are
Γ(U ; ·)-injetive for eah U ∈ Op(X).
Proposition 1.5.14 Let F ∈ Mod(kXsa) be quasi-injetive. then ρ
−1F is
-soft.
Proof. Let K be a ompat subset of X. Reall that if U ∈ Op(X) then
Γ(U ; ρ−1F ) ≃ lim←−
V⊂⊂U
Γ(V ;F ), where V ∈ Op(Xsa). We have the hain of
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isomorphisms
Γ(K; ρ−1F ) ≃ lim−→
U
Γ(U ; ρ−1F )
≃ lim−→
U
lim←−
V⊂⊂U
Γ(V ;F )
≃ lim−→
U
Γ(U ;F )
where U ranges through the family of subanalyti relatively ompat open
subsets of X ontaining K and V ∈ Op(Xsa).
Sine F is quasi-injetive and ltrant indutive limits are exat, the mor-
phism Γ(X; ρ−1F ) ≃ Γ(X;F )→ lim−→
U
Γ(U ;F ) ≃ Γ(K; ρ−1F ), where U ranges
through the family of subanalyti open subsets of X ontaining K, is sur-
jetive. ✷
Let us onsider the following subategory of Mod(kXsa):
PXsa := {G ∈ Mod(kXsa); G is HomkXsa (·, F )-ayli for eah F ∈ JXsa}.
This ategory is generating, in fat if {Gj}j is a ltrant indutive system of
R-onstrutible sheaves ⊗jρ∗Gj ∈ PXsa by Corollary 1.5.4. Moreover PXsa
is stable by ·⊗K, where K ∈ ModR-c(kX). In fat if G ∈ PXsa and F ∈ JXsa
we have
HomkXsa (G⊗K,F ) ≃ HomkXsa (G,Hom(K,F ))
and Hom(K,F ) ∈ JXsa by Proposition 1.5.8.
Theorem 1.5.15 The ategory PopXsa × JXsa is injetive with respet to the
funtor HomkXsa (·, ·).
Proof. (i) Let G ∈ PXsa and onsider an exat sequene 0 → F
′ → F →
F ′′ → 0 with F ′ ∈ JXsa . We have to prove that the sequene
0→ HomkXsa (G,F
′)→ HomkXsa (G,F )→ HomkXsa (G,F
′′)→ 0
is exat. Sine the funtor HomkXsa (G, ·) is ayli on quasi-injetive sheaves
we obtain the result.
(ii) Let F ∈ JXsa, and let 0 → G
′ → G → G′′ → 0 be an exat sequene
on PXsa . Sine the objets of PXsa are HomkXsa (·, F )-ayli the sequene
0→ HomkXsa (G
′′, F )→ HomkXsa (G,F )→ HomkXsa (G
′, F )→ 0
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is exat. ✷
Corollary 1.5.16 The ategory PopXsa ×JXsa is injetive with respet to the
funtor Hom(·, ·).
Proof. Let us show that PopXsa×JXsa is injetive with respet to the funtor
Hom(·, ·). Let G ∈ PXsa , and let 0 → F
′ → F → F ′′ → 0 be an exat
sequene with F ′, F, F ′′ ∈ JXsa . We shall show that for eah U ∈ Op(Xsa)
the sequene
0→ Γ(U ;Hom(G,F ′′))→ Γ(U ;Hom(G,F ))→ Γ(U ;Hom(G,F ′))→ 0
is exat. This is equivalent to show that for eah U ∈ Op(Xsa) the sequene
0→ HomkXsa (GU , F
′′)→ HomkXsa (GU , F )→ HomkXsa (GU , F
′)→ 0
is exat. This follows sine GU ∈ PXsa . The proof of the exatness in P
op
Xsa
is similar. ✷
1.6 The funtor ρ!
We have seen that the funtor ρ−1 : Mod(kXsa)→ Mod(kX) has a left adjoint
ρ! : Mod(kX) → Mod(kXsa). The funtor ρ! is fully faithful and exat. In
partiular, for U ∈ Op(X) one has ρ!kU ≃ lim−→
V⊂⊂U
ρ∗kV , where V ∈ Opsa(X).
Proposition 1.6.1 Let S be a losed subset of X. Then ρ!kS ≃ lim−→
W⊃S
ρ∗kW ,
where W ∈ Opsa(X).
Proof. (i) Let U = X \ S. Sine ρ! is exat we have an exat sequene
0→ ρ!kU → ρ!kX → ρ!kS → 0.
On the other hand, let V ∈ Opcsa(X) and V ⊂⊂ U . We have an exat
sequene 0 → kV → kX → kX\V → 0. Sine ρ∗ is exat on ModR-c(kX) the
sequene 0 → ρ∗kV → ρ∗kX → ρ∗kX\V → 0 is exat. Applying the exat
lim−→
V⊂⊂U
we obtain an exat sequene
0→ lim−→
V⊂⊂U
ρ∗kV → ρ∗kX → lim−→
V⊂⊂U
ρ∗kX\V → 0.
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We have lim−→
V⊂⊂U
ρ∗kV ≃ ρ!kU and ρ∗kX ≃ ρ!kX . Hene ρ!kS ≃ lim−→
V⊂⊂U
ρ∗kX\V .
(ii) We shall show that for eah U ′ ∈ Opcsa(X) the natural morphism
(1.2) lim−→
V⊂⊂U
Γ(U ′; kX\V )→ lim−→
W⊃S
Γ(U ′; kW )
is an isomorphism. We shall see that for eah W ∈ Opsa(X) with W ⊃ S
there exists W ′ ∈ Opsa(X) suh that X \W
′ ⊂⊂ U and W ∩U ′ =W ′ ∩U ′.
Set W ′ = W ∪ (X \ U ′). Sine U ′ is relatively ompat, X \W ′ ⊂⊂ U , and
W ∩ U ′ =W ′ ∩ U ′ by onstrution. Then
lim−→
V⊂⊂U
Γ(U ′; kX\V ) ≃ lim−→
(X\W )⊂⊂U
Γ(U ′; kW ) ≃ lim−→
W⊃S
Γ(U ′; kW ).
✷
Notations 1.6.2 Let Z = U ∩ S, where U ∈ Op(X) and let S be a losed
subset of X. Let F ∈ Mod(kXsa). We set for short ZF = F ⊗ ρ!kZ
Lemma 1.6.3 Let F ∈ Mod(kXsa). Let U ∈ Op(X) and let S be a losed
subset of X.
(i) One has UF ≃ lim−→
V⊂⊂U
FV ≃ lim−→
V⊂⊂U
ΓV F , V ∈ Op
c
sa(X).
(ii) One has SF ≃ lim−→
W⊃S
FW ≃ lim−→
W⊃S
ΓWF , W ∈ Opsa(X).
Proof. (i) The rst isomorphism is obvious. Let us show the seond iso-
morphism. We have the hain of isomorphisms
lim−→
V⊂⊂U
FV
∼
← lim−→
V,V ′⊂⊂U
(ΓV ′F )V
∼
→ lim−→
V ′⊂⊂U
ΓV ′F,
where V, V ′ range through the family of subanalyti open subsets of X.
The proof of (ii) is similar. ✷
Proposition 1.6.4 Let Z be a loally losed subset of X. Let G ∈ ModR-c(kX)
and F ∈ Mod(kXsa). Then ZHom(G,F ) ≃ Hom(G, ZF ).
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Proof. (i) Let U ∈ Op(X). For eah U ′ ∈ Opc(Xsa) we have the hain of
isomorphisms
Γ(U ′; UHom(G,F )) ≃ HomkXsa (kU ′ , lim−→
V ⊂⊂U
ΓVHom(G,F ))
≃ lim−→
V⊂⊂U
HomkXsa (kU ′ ,ΓVHom(G,F ))
≃ lim−→
V⊂⊂U
HomkXsa (kU ′∩V ,Hom(G,F ))
≃ lim−→
V⊂⊂U
HomkXsa (GU ′∩V , F )
≃ lim−→
V⊂⊂U
HomkXsa (GU ′ ,ΓV F )
≃ lim−→
V⊂⊂U
HomkXsa (kU ′ ,Hom(G,ΓV F ))
≃ HomkXsa (kU ′ , lim−→
V ⊂⊂U
Hom(G,ΓV F ))
≃ HomkXsa (kU ′ ,Hom(G, lim−→
V ⊂⊂U
ΓV F ))
≃ Γ(U ′,Hom(G, UF )),
where V ∈ Opsa(X).
(ii) If S is a losed subset of X the proof is similar. ✷
Proposition 1.6.5 Let F ∈ Mod(kXsa) be quasi-injetive. Then ρ!K ⊗ F
is quasi-injetive for eah K ∈ Mod(kX).
Proof. (i) Let us show the result when K = kZ , for a loally losed subset
Z of X. Let G ∈ Modc
R-c(kX). We have
HomkXsa (G, ZF ) ≃ Γ(X;Hom(G, ZF ))
≃ Γ(X; ZHom(G,F ))
≃ Γ(X; ρ−1ZHom(G,F ))
≃ Γ(X; (ρ−1Hom(G,F ))Z ).
Sine F is quasi-injetive, Hom(G,F ) is quasi-injetive. Then by Propo-
sition 1.5.14 the sheaf (ρ−1Hom(G,F ))Z is -soft and it is injetive with
respet to the funtor Γ(X, ·). Hene the funtor Γ(X; ρ−1Hom(·, F )Z) is
exat on Modc
R-c(kX).
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(ii) Let K ∈ Mod(kX). There exists an epimorphism ⊕i∈IkUi ։ K with
Ui ∈ Opsa(X) for eah i. Let KJ be the image of ⊕i∈JkUi , with J ⊂ I nite.
We have K ≃ lim−→
J
KJ , hene ρ!K ≃ lim−→
J
ρ!KJ sine ρ! ommutes with lim−→. It
is enough to prove the result for KJ . We argue by indution on the ardinal
of J . Set K = KJ . If |J | = 1 then K ≃ kZ with Z loally losed subset of
X and the result follows from (i).
Let us show n − 1 ⇒ n. There is an epimorphism ⊕ni=1kUi ։ K. Let
K1 be the image of kU1 → K and let K2 = K/K1. We have a ommutative
diagram
0 // kU1

// ⊕ni=1kUi

// ⊕ni=2kUi

// 0
0 // K1 // K // K2 // 0,
where the vertial arrows are surjetive, and the rows are exat. By the exat-
ness of ρ! and ⊗ we obtain the exat sequene 0→ ρ!K1 ⊗ F → ρ!K ⊗ F →
ρ!K2 ⊗ F → 0 is exat. By the indutive hypothesis ρ!K1⊗F and ρ!K2⊗F
are quasi-injetive, then ρ!K ⊗ F is quasi-injetive. ✷
Proposition 1.6.6 Let F ∈ Mod(kXsa), G ∈ ModR-c(kX) and let K ∈
Mod(kX). One has the isomorphism Hom(G,F )⊗ρ!K ≃ Hom(G,F⊗ρ!K).
Proof. Both sides are left exat with respet to F . Hene we may as-
sume that F is quasi-injetive. Sine quasi-injetive sheaves are Hom(G, ·)-
injetive, both sides are exat with respet to K. Moreover as a onsequene
of Proposition 1.3.4 both sides ommute with ltrant lim−→ with respet to K.
We may redue to the ase K = kU , with U ∈ Opsa(X). Then the result
follows from Proposition 1.6.4. ✷
2 Derived ategory
As usual, we denote D(kXsa) the derived ategory of Mod(kXsa) and its full
subategory onsisting of bounded (resp. bounded below, resp. bounded
above) omplexes is denoted by Db(kXsa) (resp. D
+(kXsa), resp. D
−(kXsa)).
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2.1 The ategory Db
R-c(kXsa)
As usual we denote by Db
R-c(kXsa) (resp. D
b
R-c(kXsa)) the full subategory
of Db(kX) (resp. D
b(kXsa)) onsisting of objets with R-onstrutible oho-
mology.
Reall that ρ : X → Xsa is the natural morphism of sites. It indues the
funtor ρ∗ : Mod(kX)→ Mod(kXsa).
Lemma 2.1.1 Let F ∈ ModR-c(kX). Then R
jρ∗F = 0 for eah j 6= 0.
Proof. The sheaf Rjρ∗F is the sheaf assoiated to the presheaf V →
RjΓ(V ;F ). We have to show that RjΓ(V ;F ) = 0 for j 6= 0 on a family of
generators of the topology of Xsa. This means that for eah V ∈ Op
c(Xsa)
and for eah j 6= 0, there exists I nite and {Vi}i∈I ∈ Cov(Vsa) suh that
RjΓ(Vi;Rρ∗F ) ≃ R
jΓ(Vi;F ) = 0.
We use the notation of [5℄. There exists a loally nite stratiation
{Xi}i∈I of X onsisting of subanalyti subsets suh that for all j ∈ Z and
all i ∈ I the sheaf F |Xi is loally onstant. By the triangulation theorem
there exist a simpliial omplex (S,∆) and a subanalyti homeomorphism ψ :
|S|
∼
→ X ompatible with the stratiation and suh that V is a nite union
of the images by ψ of open subsets V (σ) of |S|, where V (σ) =
⋃
τ∈∆,τ⊃σ |τ |.
By Proposition 8.1.4 of [5℄ we have RjΓ(ψ(V (σ));F ) = 0 for eah σ and for
eah j 6= 0. The result follows beause V =
⋃
ψ(|σ|)⊂V ψ(V (σ)). ✷
Sine R-onstrutible sheaves are injetive with respet to the funtor ρ∗,
the following diagram of derived ategories is quasi-ommutative.
(2.1) Db
R-c(kX)
Rρ∗ // Db
R-c(kXsa)
ρ−1
oo
Db(ModR-c(kX))
≀
OO
ρ∗
44jjjjjjjjjjjjjjj
Theorem 2.1.2 One has the equivalene of ategories
DbR-c(kX) ≃ D
b(ModR-c(kX)) ≃ D
b
R-c(kXsa).
Proof. By dévissage, to prove the equivalene between Db(ModR-c(kX))
and Db
R-c(kXsa) it is enough to hek that the funtor ρ∗ in (2.1) is fully
faithful. We have ρ−1 ◦ ρ∗ ≃ id and the result follows.
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The equivalene between Db(ModR-c(kX)) and D
b
R-c(kX) was shown by
Kashiwara in [4℄. ✷
2.2 Operations in the derived ategory
Let us study the operations in the derived ategory of Mod(kXsa). Let
f : X → Y be an analyti map. Sine Mod(kXsa) has enough injetives,
then the derived funtors
RHom : D−(kXsa)
op ×D+(kXsa)→ D
+(kXsa),
Rf∗ : D
+(kXsa)→ D
+(kYsa),
Rf!! : D
+(kXsa)→ D
+(kYsa),
are well dened.
Proposition 2.2.1 Let f : X → Y be an analyti map. Then
(i) The funtors Rf∗ and RHom ommute with Rρ∗.
(ii) The funtors Rf∗ and Rf!! ommute with ρ
−1
.
(iii) We have R(g ◦ f)∗ ≃ Rg∗ ◦Rf∗ and R(g ◦ f)!! ≃ Rg!! ◦Rf!!.
(iv) The funtor Rkf!! : Mod(kXsa) → Mod(kYsa) ommutes with small
ltrant indutive limits for eah k ∈ Z.
(v) If F ∈ D+(kXsa) and f is proper on supp(F ), then Rf!! ≃ Rf∗.
Proof. (i) The funtor ρ∗ sends injetive sheaves to injetive sheaves, then
Rf∗ and RHom ommute with Rρ∗.
(ii) Sine ρ−1 has a left adjoint it sends injetive sheaves to injetive
sheaves. Then Rf∗ and Rf!! ommute with ρ
−1
.
(iii) The funtor f∗ (resp. f!!) sends injetive sheaves to injetive (resp.
quasi-injetive) sheaves. Then R(g ◦ f)∗ ≃ Rg∗ ◦ Rf∗ and R(g ◦ f)!! ≃
Rg!! ◦Rf!!.
(iv) Quasi-injetive objets ofMod(kXsa) are stable by ltrant lim−→, and the
funtor f!! ommutes with suh limits. Then R
kf!! ommutes with ltrant
lim−→ for eah k ∈ Z.
(v) We an nd a representative F ′ of F in K+(JXsa) with f proper on
supp(F ′). Then the result follows from the non derived ase. ✷
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Proposition 2.2.2 Let F = lim−→
i
Fi with Fi ∈ Mod(kXsa) and let G ∈
Db
R-c(kX). One has R
kHom(G,F ) ≃ lim−→
i
RkHom(G,Fi) for eah k ∈ Z.
Proof. There exists (see [8℄, Corollary 9.6.7) an indutive system of injetive
resolutions I•i of Fi. Then lim−→
i
I•i is a omplex of quasi-injetive objets quasi-
isomorphi to F . Eah objet of (ModR-c(kX)
op,JXsa) is Hom(·, ·)-ayli.
Proposition 1.3.4 implies the isomorphism
Hom(G, lim−→
i
I•i ) ≃ lim−→
i
Hom(G, I•i )
and the result follows. ✷
Proposition 2.2.3 Let F ∈ D+(kXsa), G ∈ D
b
R-c(kX) and let K ∈ D
+(kX).
One has the isomorphism RHom(G,F ) ⊗ ρ!K ≃ RHom(G,F ⊗ ρ!K).
Proof. Let I• be a quasi-injetive resolution of F . By Proposition 1.6.5
we have that I• ⊗ ρ!K is a omplex of quasi-injetive objets. Eah objet
of (ModR-c(kX)
op,JXsa) is Hom(·, ·)-ayli. Hene we are redued to prove
the isomorphism Hom(G, I•)⊗ρ!K ≃ Hom(G, I
•⊗ρ!K). The result follows
from Proposition 1.6.6. ✷
Proposition 2.2.4 Let U ∈ Opc(Xsa). Let F ∈ Mod(kXsa) be quasi-
injetive. Then FU is Γ(V, ·)-ayli for eah V ∈ Op(Xsa).
Proof. Sine FU has ompat support, we may suppose that V is relatively
ompat. Let S = X \ U . Sine F is quasi-injetive and ltrant lim−→ are
exat, the morphism Γ(V ;F ) → lim−→
W⊃S∩V
Γ(W ;F )
∼
→ Γ(V ;FS) is surjetive.
Consider the exat sequene 0 → FU → F → FS → 0. We get the exat
sequene
0→ Γ(V ;FU )→ Γ(V ;F )→ Γ(V ;FS)→ 0.
By Proposition 1.5.13 F and FS are quasi-injetive, hene Γ(V ; ·)-ayli.
This implies that FU is Γ(V ; ·)-ayli. ✷
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Corollary 2.2.5 Let f : X → Y be a real analyti map and let U ∈
Opc(Xsa). Let F ∈ Mod(kXsa) be quasi-injetive. Then FU is f!!-ayli.
Proof. Sine FU has ompat support, Rf!!FU ≃ Rf∗FU . The result follows
beause FU is Γ(f
−1(V ); ·)-ayli for eah V ∈ Op(Ysa). ✷
Lemma 2.2.6 Let F be quasi-injetive objet of Mod(kXsa) and let G ∈
ModcR-c(kX). Then F ⊗ ρ∗G is f!!-ayli.
Proof. Let G ∈ Modc
R-c(kX). Then G has a resolution
0→ ⊕i1∈I1kUi1 → . . .→ ⊕in∈InkUin
ϕ
→ G→ 0.
Where Ij is nite and Uij ∈ Op
c
sa(X) for eah ij ∈ Ij , j ∈ {1, . . . , n}. Let us
argue by indution on the length n of the resolution.
If n = 1, then G is isomorphi to a nite sum ⊕ikUi , with Ui ∈ Op
c
sa(X),
and the result follows from Corollary 2.2.5.
Let us show n− 1⇒ n. The sequene 0→ kerϕ→ ⊕in∈InkUin → G→ 0
is exat. The sheaf kerϕ belongs to ModcR-c(kX) and it has a resolution of
length n− 1. Applying F ⊗ ρ∗(·) we get the exat sequene
0→ F ⊗ ρ∗ kerϕ→ ⊕in∈InFUin → F ⊗ ρ∗G→ 0.
By the indution hypothesis F ⊗ρ∗ kerϕ is f!!-ayli. Moreover ⊕in∈InFUin
is f!!-ayli, then F ⊗ ρ∗G is f!!-ayli. ✷
Proposition 2.2.7 Let F be quasi-injetive objet ofMod(kXsa) and let G ∈
Mod(kXsa). Then F ⊗G is f!!-ayli.
Proof. Let G ≃ lim−→
i
ρ∗Gi with Gi ∈ Mod
c
R-c(kX) for eah i. Sine the
funtors ⊗ and Rkf!! ommute with ltrant lim−→ we have
Rkf!!(F ⊗ lim−→
i
ρ∗Gi) ≃ lim−→
i
Rkf!!(F ⊗ ρ∗Gi) = 0
if k 6= 0 by Lemma 2.2.6. ✷
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Proposition 2.2.8 Let F ∈ D+(kXsa) and G ∈ D
+(kYsa). Then
Rf!!F ⊗G ≃ Rf!!(F ⊗ f
−1G).
Proof. First assume that F ∈ Mod(kXsa) is injetive. By Proposition 2.2.7
F ⊗ f−1G is f!!-ayli.
Now let F ∈ D+(kXsa) and G ∈ D
+(kYsa). Let F
′
be a omplex of
injetive sheaves quasi-isomorphi to F . Then
Rf!!F ⊗G ≃ f!!F
′ ⊗G ≃ f!!(F
′ ⊗ f−1G) ≃ Rf!!(F ⊗ f
−1G),
where the seond isomorphism follows from Proposition 1.4.5. ✷
Now let us onsider a artesian square
X ′sa
f ′ //
g′

Y ′sa
g

Xsa
f // Ysa
Proposition 2.2.9 Let F ∈ D+(kXsa). Then g
−1Rf!!F ≃ Rf
′
!!g
′−1F .
Proof. We have an isomorphism f ′!!g
′−1 ≃ g−1f!!, and R(g
−1f!!) ≃ g
−1Rf!!
sine g−1 is exat. Then we obtain a morphism g−1Rf!! → Rf
′
!!g
′−1
. It is
enough to prove that for any k ∈ Z and for any F ∈ Mod(kXsa) we have
g−1Rkf!!F
∼
→ Rkf ′!!g
′−1F . Sine both sides ommute with ltrant lim−→, we
may assume F = ρ∗G with G ∈ Mod
c
R-c(kX). Moreover sine supp(G) is
ompat, f ′ is proper on supp(g′−1G). Then both sides ommute with ρ∗
and the result follows from the orresponding one for lassial sheaves. ✷
As in lassial sheaf theory, the Künneth formula follows from the proje-
tion formula and the base hange formula.
Proposition 2.2.10 Consider a artesian square
X ′sa
f ′ //
g′

δ
!!C
C
C
C
Y ′sa
g

Xsa
f // Ysa
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where δ = fg′ = gf ′. There is a natural isomorphism
Rδ!!(g
′−1F ⊗ f ′−1G) ≃ Rf!!F ⊗Rg!!G
for F ∈ D+(kXsa) and G ∈ D
+(kY ′sa).
Proof. Using the projetion formula and the base hange formula we dedue
Rf ′!!(g
′−1F ⊗ f ′−1G) ≃ Rf ′!!g
′−1F ⊗G ≃ g−1Rf!!F ⊗G.
Using the projetion formula one again we nd
Rδ!!(g
′−1F ⊗ f ′−1G) ≃ Rg!!Rf
′
!!(g
′−1F ⊗ f ′−1G) ≃ Rf!!F ⊗Rg!!G
and the result follows. ✷
Proposition 2.2.11 Let G ∈ Db
R-c(kY ) and let F ∈ D
+(kXsa). Then the
natural morphism
Rf!!RHom(f
−1G,F )→ RHom(G,Rf!!F )
is an isomorphism.
Proof. The morphism is obtained as in the non derived ase. Let us show
that it is an isomorphism. Let F ′ be a omplex of injetive sheaves quasi-
isomorphi to F . Then
Rf!!Hom(f
−1G,F ) ≃ f!!Hom(f
−1G,F ′)
≃ Hom(G, f!!F
′)
≃ RHom(G,Rf!!F ),
where the seond isomorphism follows from Proposition 1.4.7. ✷
2.3 Vanishing theorems on Mod(kXsa)
In this Setion we give some results on the vanishing of the ohomology of
sheaves on a subanalyti site.
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Denition 2.3.1 The quasi-injetive dimension of the ategory Mod(kXsa)
is the smallest n ∈ N ∪ {∞} suh that for any F ∈ Mod(kXsa) there exists
an exat sequene
0→ F → I0 → · · · → In → 0
with Ij quasi-injetive for 0 ≤ j ≤ n.
Proposition 2.3.2 The ategory Mod(kXsa) has nite quasi-injetive di-
mension.
Proof. Let F ∈ Mod(kXsa). Then F = lim−→
i
ρ∗Fi, with Fi ∈ Mod
c
R-c(kX).
There exists (see [8℄, Corollary 9.6.7) an indutive system of injetive resolu-
tions I•i of Fi. By Proposition 3.3.11 of [5℄, the ategory Mod(kX) has nite
homologial dimension. Then we may assume that I•i has length N0 < ∞
for eah i. Sine Fi is ρ∗-injetive for eah i, ρ∗I
•
i is an injetive resolution
of ρ∗Fi of length N0. Taking the indutive limit we nd that lim−→
i
ρ∗I
•
i is a
resolution of F of length N0, and lim−→
i
ρ∗I
j
i ∈ JXsa for eah j. ✷
Corollary 2.3.3 Let f : X → Y be a real analyti map, and let F ∈
ModR-c(kX). The funtors f∗, f!! and Hom(F, ·) have nite ohomologial
dimension.
Proposition 2.3.4 Let F ∈ Mod(kX) and let G ∈ Mod(kXsa). There exists
a nite j0 ∈ N suh that
RjHom(ρ!F,G) = 0 for j > j0.
Proof. Let U ∈ Op(Xsa). We have the hain of isomorphisms
RΓ(U ;RHom(ρ!F,G)) ≃ RHomkXsa (ρ!F,RΓUG)
≃ RHomkX (F, ρ
−1RΓUG).
The funtor RΓU has nite ohomologial dimension, and the homologial
dimension of the ategory Mod(kX) is nite. Hene we an nd a nite
j0 ∈ N suh that R
jΓ(U ;RHom(ρ!F,G)) vanishes for j > j0 and for eah
U ∈ Op(Xsa). This shows the result. ✷
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Remark 2.3.5 We have seen that the funtor Hom(F, ·) has nite oho-
mologial dimension when F is R-onstrutible and when F = ρ!G with
G ∈ Mod(kX). We do not know if the ohomologial dimension is nite for
any F ∈ Mod(kXsa). Indeed we do not know if the homologial dimension of
Mod(kXsa) is nite or not.
2.4 Duality
In the following we nd a right adjoint to the funtor Rf!!, denoted by f
!
,
and we alulate it by deomposing f as the omposite of a losed embedding
and a submersion.
The subategory JXsa of quasi-injetive objets and the funtor f!! have
the following properties:
(2.2)

(i) JXsa is ogenerating,
(ii) Mod(kXsa) has nite quasi-injetive dimension,
(iii) JXsa is f!!-injetive,
(iv) JXsa is losed by small ⊕,
(v) f!! ommutes with small ⊕.
As a onsequene of the Brown representability theorem (see [8℄, Corollary
14.3.7 for details) we nd a right adjoint to the funtor Rf!!.
Theorem 2.4.1 (i) The funtor Rf!! : D(kXsa) → D(kYsa) admits a right
adjoint. We denote by f ! : D(kYsa)→ D(kXsa) the adjoint funtor.
(ii) Let G ∈ D+(kYsa). Then f
!G ∈ D+(kXsa).
Remark 2.4.2 As in lassial sheaf theory, one an prove by adjuntion the
dual projetion formula and the dual base hange formula.
Proposition 2.4.3 The funtor f ! ommutes with Rρ∗, and the funtor
Hkf ! : Mod(kYsa)→ Mod(kXsa) ommutes with ltrant lim−→.
Proof. Sine Rf!! ommutes with ρ
−1
, then f ! ommutes with Rρ∗ by
adjuntion.
Let us show that Hkf ! ommutes with lim−→. Let {Fi}i be a ltrant in-
dutive system in Mod(kYsa). Remark that lim−→
i
Hkf !Fi (resp. H
kf !lim−→
i
Fi)
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is the sheaf assoiated to the presheaf U → lim−→
i
RkΓ(U ; f !Fi) (resp. U →
RkΓ(U ; f !lim−→
i
Fi)), for U ∈ Op
c(Xsa).
We will show the isomorphism RkΓ(U ; f !lim−→
i
Fi)
∼
← lim−→
i
RkΓ(U ; f !Fi) for
eah U ∈ Opcsa(X). By adjuntion it is enough to prove the isomorphism
RkHomkYsa (Rf!kU , lim−→
i
Fi) ≃ lim−→
i
RkHomkYsa (Rf!kU , Fi).
Let JYsa be the family of quasi-injetive objets ofMod(kYsa). Eah objet
of (ModcR-c(kY )
op,JYsa) is HomkYsa (·, ·)-ayli. Moreover JYsa is stable by
ltrant indutive limits. There exists (see [8℄, Corollary 9.6.7) an indutive
system of injetive resolutions I•i of Fi. Then lim−→
i
I•i is a quasi-injetive
resolution of lim−→
i
Fi. We have
HomK+(kYsa )(Rf!kU , lim−→
i
I•i ) ≃ lim−→
i
HomK+(kYsa )(Rf!kU , I
•
i )
and the result follows. ✷
Corollary 2.4.4 Let F ∈ Db(kYsa). Then f
!F ∈ Db(kXsa).
Proof. We may redue to the ase F ∈ Mod(kYsa). Then F ≃ lim−→
i
ρ∗Fi with
Fi ∈ ModR-c(kY ) for eah i. By Proposition 2.4.3 we have
Hkf !F ≃ Hkf !lim−→
i
ρ∗Fi ≃ lim−→
i
ρ∗H
kf !Fi,
and Hkf !Fi = 0 if k > j0 for a xed j0 ∈ N and for eah i. ✷
Proposition 2.4.5 Let F ∈ D+(kYsa) and let G ∈ D
+(kY ). Then one has
the isomorphism f !(F ⊗ ρ!G) ≃ f
!F ⊗ ρ!f
−1G.
Proof. We have the hain of morphisms
Rf!!(f
!F ⊗ ρ!f
−1G) ≃ Rf!!f
!F ⊗ ρ!G→ F ⊗ ρ!G,
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by adjuntion we obtain the desired morphism. To prove that it is an isomor-
phism it is enough to show RkΓ(U ; f !(F ⊗ ρ!G)) ≃ R
kΓ(U ; f !F ⊗ ρ!f
−1G)
for eah U ∈ Opc(Xsa) and eah k ∈ Z. We have the hain of isomorphisms
RkΓ(U ; f !(F ⊗ ρ!G)) ≃ R
kHomkYsa (Rf!!kU , F ⊗ ρ!G)
≃ RkHomkYsa (kY ,RHom(Rf!!kU , F ⊗ ρ!G))
≃ RkHomkYsa (kY ,RHom(Rf!!kU , F )⊗ ρ!G)
≃ RkHomkYsa (kY , Rf!!RHom(kU , f
!F )⊗ ρ!G)
≃ RkHomkYsa (kY , Rf!!(RHom(kU , f
!F )⊗ f−1ρ!G))
≃ RkHomkYsa (kY , Rf!!(RHom(kU , f
!F ⊗ ρ!f
−1G))
≃ RkHomkXsa (kU , f
!F ⊗ ρ!f
−1G)).
Here the fourth and the last isomorphism follow from the fat that sine
kU has ompat support, then RHom(kU ,K) has ompat support for any
K ∈ D+(kXsa) and Rf!!RHom(kU ,K) ≃ Rf∗RHom(kU ,K). ✷
Proposition 2.4.6 Let F ∈ D+(kYsa), and let f : X → Y be a losed
embedding. Then f !F ≃ f−1RHom(kX , F ) and id
∼
→ f !Rf!!.
Proof. Sine f is proper, then Rf∗ ≃ Rf!!. We have the isomorphisms
Rf∗f
!F ≃ Rf∗RHom(kX , f
!F ) ≃ RHom(kX , F ). Sine f
−1Rf∗f
!F ≃ f !F ,
then f !F ≃ f−1RHom(kX , F ).
Let F ′ ∈ D+(kXsa). We have the isomorphisms
f !Rf∗F
′ ≃ f−1RHom(kX , Rf∗F
′) ≃ f−1Rf∗RHom(kX , F
′) ≃ f−1Rf∗F
′,
and f−1Rf∗F
′ ≃ F ′ sine f is a losed embedding. ✷
Reall that f is a topologial submersion (of ber dimension n) if loally
on X, f is isomorphi to the projetion Y ×Rn → Y .
Proposition 2.4.7 Assume that f is a topologial submersion. Then for
F ∈ D+(kYsa) one has the isomorphism f
−1F ⊗ f !kY
∼
→ f !F.
Proof. We have the hain of morphisms
Rf!!(f
−1F ⊗ f !kY ) ≃ F ⊗Rf!!f
!kY → F ⊗ kY ≃ F,
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by adjuntion we obtain the desired morphism.
Let us show that it is an isomorphism. We may redue to the ase F ≃
lim−→
i
ρ∗Fi ∈ Mod(kYsa). We have the hain of isomorphisms
Hk(f−1lim−→
i
ρ∗Fi ⊗ f
!ρ∗kY ) ≃ lim−→
i
ρ∗H
k(f−1Fi ⊗ f
!kY )
≃ lim−→
i
ρ∗H
kf !Fi
≃ Hkf !lim−→
i
ρ∗Fi.
✷
Using these results we an alulate expliitly the funtor f !. Let f :
X → Y be an analyti map. We deompose it as the omposite of a losed
embedding and a submersion. In fat
f : X
j
→֒ X × Y
p
→ Y
where p is the projetion and j is the graph embedding j(x) = (x, f(x)). Let
F ∈ D+(kYsa). Applying Propositions 2.4.6 and 2.4.7 we get
f !F ≃ j−1RHom(kj(X), p
−1F ⊗ p!kY ).
Corollary 2.4.8 Assume that f is a topologial submersion. Then:
(i) the funtor f ! ommutes with ρ−1,
(ii) the funtor Rf!! ommutes with ρ!.
Proof. (i) One has the hain of isomorphisms
ρ−1(f−1F ⊗ f !ρ∗kY ) ≃ ρ
−1f−1F ⊗ ρ−1f !ρ∗kY
≃ f−1ρ−1F ⊗ ρ−1f !ρ∗kY
≃ f−1ρ−1F ⊗ ρ−1ρ∗f
!kY
≃ f−1ρ−1F ⊗ f !kY .
The result follows from Proposition 2.4.7.
(ii) The result follows by adjuntion. ✷
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Proposition 2.4.9 Assume that f is a topologial submersion and moreover
that Rf!f
!kY ≃ kY . Then for F ∈ D
+(kYsa) the morphism Rf∗f
−1F → F
is an isomorphism.
Proof. First let us show that Rf!!f
!kY ≃ kY . We have the hain of isomor-
phisms
Rf!!f
!ρ∗kY ≃ Rf!!ρ∗f
!kY
≃ Rf!!ρ!f
!kY
≃ ρ!Rf!f
!kY
≃ ρ!kY
≃ ρ∗kY ,
where the seond isomorphism follows beause f !kY is loally onstant and
the third from Corollary 2.4.8 (ii). It follows from Proposition 2.4.7 that
f−1F ≃ RHom(f !kY , f
!F ). Then we have the hain of isomorphisms
Rf∗f
−1F ≃ Rf∗RHom(f
!kY , f
!F )
≃ RHom(Rf!!f
!kY , F )
≃ F.
✷
3 Examples of appliations
In this Setion we give some example of subanalyti sheaves. Let X be a real
analyti manifold, and let Xsa be the assoiated subanalyti site. We rst
introdue sheaves of R-modules, where R is a sheaf of k-algebras on Xsa.
Let DX be the sheaf of nite order dierential operators on X. We dene the
ρ!DX -modules O
t
X and O
w
X of tempered and Whitney holomorphi funtions
respetively. Referenes are made to [8℄ for an exposition on sheaves of rings
on a Grothendiek topology.
3.1 Modules over a kXsa-algebra
A sheaf of kXsa-algebras (or a kXsa -algebra, for short) is an objet R ∈
Mod(kXsa) suh that Γ(U ;R) is a k-algebra for eah U ∈ Op(Xsa). The op-
posite kXsa -algebra R
op
is dened by setting Γ(U ;Rop) = Γ(U ;R)op for eah
U ∈ Op(Xsa). A sheaf of (left) R-modules is a sheaf F suh that Γ(U ;F )
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has a struture of (left) Γ(U ;R)-module for eah U ∈ Op(Xsa).
Let R be a kXsa -algebra and denote by Mod(R) the ategory of sheaves
of (left) R-modules. The ategory Mod(R) is a Grothendiek ategory and
the family {RU}U∈Opc(Xsa) is a small system of generators. Moreover the
forgetful funtor for : Mod(R)→ Mod(kXsa) is exat.
In this Setion we shall extend some results on kXsa -modules, by replaing
kXsa with R. Sine the formalism is similar to that we developed previously
we shall not give proofs. The funtors
HomR : Mod(R)
op ×Mod(R)→ Mod(kXsa),
⊗R : Mod(R
op)×Mod(R)→ Mod(kXsa)
are well dened. Let us summarize their properties:
• the funtor HomR is left exat,
• the funtor ⊗R is right exat and ommutes with lim−→.
Let X,Y be two real analyti manifolds, and let f : X → Y be a morphism
of real analyti manifolds. Let R be a kYsa-algebra. The funtors f
−1
, f∗
and f!! indue funtors
f−1 : Mod(R)→ Mod(f−1R),
f∗ : Mod(f
−1R)→ Mod(R),
f!! : Mod(f
−1R)→ Mod(R).
Let us summarize their properties:
• the funtor f−1 is exat and ommutes with lim−→ and ⊗R,
• the funtor f∗ is left exat and ommutes with lim←−,
• (f−1, f∗) is a pair of adjoint funtors,
• the funtor f!! is left exat and ommutes with ltrant lim−→.
Now we onsider the derived ategory of sheaves of R-modules.
Denition 3.1.1 An objet F ∈ Mod(R) is at if the funtor Mod(Rop) ∋
G→ G⊗R F is exat.
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Small diret sums and ltrant indutive limits of at R-modules are at.
Sine the generators of Mod(R) are at, then the subategory of Mod(R)
onsisting of at modules is generating. Thanks to at objets we an nd
a left derived funtor ⊗LR of the tensor produt ⊗R.
Denition 3.1.2 An objet F ∈ Mod(R) is quasi-injetive if the funtor
HomkXsa (·, F ) is exat in Mod
c
R-c(kX) or, equivalently (see Theorem 8.7.2
of [8℄) if for eah U, V ∈ Opc(Xsa) with V ⊂ U the restrition morphism
Γ(U ;F )→ Γ(V ;F ) is surjetive.
Let X,Y be two real analyti manifolds, and let f : X → Y be a real
analyti map. Let R be a kYsa-algebra. As in § 1.5 one an prove that
quasi-injetive objets are injetive with respet to the funtors f∗ and f!!.
The funtors Rf∗ and Rf!! are well dened and projetion formula, base
hange formula and Künneth formula remain valid for R-modules. Moreover
hypothesis (2.2) are satised and we have
Theorem 3.1.3 The funtor Rf!! : D
+(f−1R) → D+(R) admits a right
adjoint. We denote by f ! : D+(R)→ D+(f−1R) the adjoint funtor.
3.2 Sheaves of ρ!R-modules
We will onsider the ase where the ring is ρ!R, where R is a sheaf of kX -
algebras. We will also assume the following hypothesis:
R has nite at dimension.
The funtor ρ! indues an exat funtor Mod(R) → Mod(ρ!R) whih
is left adjoint to ρ−1 : Mod(ρ!R) → Mod(R). We will still denote by
ρ! that funtor. The funtor ρ∗ : Mod(R) → Mod(ρ!R) is well dened
too, in fat the morphism ξF ∈ HomkX (R, End(F )) denes a morphism in
HomkXsa (ρ!R, End(ρ∗F )). That follows from the hain of isomorphism
HomkXsa (ρ!R, End(ρ∗F )) ≃ HomkXsa (ρ!R, ρ∗End(F ))
≃ HomkX (ρ
−1ρ!R, End(F ))
≃ HomkX (R, End(F )).
We briey summarize the properties of these funtors:
• ρ−1 ommutes with ⊗LR, f
−1
and Rf!!,
• Rρ∗ ommutes with RHomR and Rf∗,
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• ρ! ommutes with ⊗
L
R and f
−1
.
Finally we reall the following result (whih has been proved in [7℄)
Proposition 3.2.1 Denote by R˜ the presheaf U → Γ(U ;R), where U ∈
Opc(Xsa). Suppose that F is a presheaf of R˜-modules and denote by F
++
the sheaf assoiated to F . Then F++ ∈ Mod(ρ!R).
Proof. Let U ∈ Op(Xsa), and let r ∈ Γ(U ;R). Then r denes a morphism
Γ(V ;R) ⊗ Γ(V ;F ) → Γ(V ;F ) for eah subanalyti V ⊂ U , hene un endo-
morphism of (F++)|UXsa ≃ (F |UXsa )
++
. This morphism denes a morphism
of sheaves R˜ → End(F++) and R˜++ ≃ ρ!R by Proposition 1.1.13. Then
F++ ∈Mod(ρ!R). ✷
3.3 Some examples of subanalyti sheaves
From now on, the base eld is C. Let M be a real analyti manifold. One
denotes by C∞M and DbM the sheaves of C
∞
funtions and Shwartz's dis-
tributions respetively, and by DM the sheaf of nite order dierential op-
erators with analyti oeients. As usual, given a sheaf F on M , we set
D′F = RHom(F,CM ).
In [4℄ the author dened the funtor
(·,DbM ) : ModR-c(CM )
op → Mod(DM )
in the following way: let U be a subanalyti open subset ofM and Z =M\U .
Then the sheaf (CU ,DbM ) is dened by the exat sequene
0→ ΓZDbM → DbM → (CU ,DbM )→ 0.
This funtor is exat and extends as a funtor in the derived ategory,
from Db
R-c(CM ) to D
b(DM ). Moreover the sheaf (F,DbM ) is soft for any
R-onstrutible sheaf F .
Denition 3.3.1 One denotes by DbtM the presheaf of tempered distribu-
tions on Msa dened as follows:
U 7→ Γ(M ;DbM )/ΓM\U (M ;DbM ).
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As a onsequene of the ojasieviz's inequalities [11℄, for U, V ∈ Op(Msa)
the sequene
0→ DbtM(U ∪ V )→ Db
t
M (U)⊕Db
t
M(V )→ Db
t
M (U ∩ V )→ 0
is exat. Then DbtM is a sheaf on Msa. Moreover it follows by denition that
DbtM is quasi-injetive.
Denition 3.3.2 Let Z be a losed subset of M . We denote by I∞M,Z the
sheaf of C∞ funtions on M vanishing up to innite order on Z.
Denition 3.3.3 A Whitney funtion on a losed subset Z of M is an in-
dexed family F = (F k)k∈Nn onsisting of ontinuous funtions on Z suh
that ∀m ∈ N, ∀k ∈ Nn, |k| ≤ m, ∀x ∈ Z, ∀ε > 0 there exists a neighborhood
U of x suh that ∀y, z ∈ U ∩ Z∣∣∣∣∣∣F k(z)−
∑
|j+k|≤m
(z − y)j
j!
F j+k(y)
∣∣∣∣∣∣ ≤ εd(y, z)m−|k|.
We denote by W∞M,Z the spae of Whitney C
∞
funtions on Z. We denote by
W∞M,Z the sheaf U 7→W
∞
U,U∩Z.
In [6℄ the authors dened the funtor
·
w
⊗ C∞M : ModR-c(CM )→ Mod(DM )
in the following way: let U be a subanalyti open subset ofM and Z =M\U .
Then CU
w
⊗ C∞M = I
∞
M,Z, and CZ
w
⊗ C∞M = W
∞
M,Z . This funtor is exat and
extends as a funtor in the derived ategory, from Db
R-c(CM ) to D
b(DM ).
Moreover the sheaf F
w
⊗ C∞M is soft for any R-onstrutible sheaf F .
Denition 3.3.4 One denotes by C∞,wM the presheaf of Whitney C
∞
fun-
tions on Msa dened as follows:
U 7→ Γ(M ;H0D′CU
w
⊗ C∞M ).
As a onsequene of a result of [12℄, for U, V ∈ Op(Msa) the sequene
0→ C∞,wM (U ∪ V )→ C
∞,w
M (U)⊕ C
∞,w
M (V )→ C
∞,w
M (U ∩ V )
is exat. Then C∞,wM is a sheaf on Msa.
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Let us onsider a loally ohomologially trivial (l..t.) subanalyti open
subset, i.e. U ∈ Op(Msa) satisfyingD
′
CU ≃ CU andD
′
CU ≃ CU . Thanks to
the triangulation theorem one an prove that l..t. open subanalyti subsets
form a basis for the topology of Msa, and given a l..t. U ∈ Op(Msa) we
have
Γ(U ; C∞,wM ) = Γ(M ;H
0D′CU
w
⊗ C∞)
≃ Γ(M ;CU
w
⊗ C∞)
= W∞
M,U
.
Moreover RΓ(U ; C∞,wM ) is onentrated in degree zero sine CU
w
⊗C∞M is soft.
Remark that Γ(U ;DbtM ) and Γ(U, C
∞,w
M ) are Γ(U ;DM )-modules for eah
U ∈ Op(Msa), hene applying Proposition 3.2.1 the sheaves Db
t
M and C
∞,w
M
belong to Mod(ρ!DM ).
We have the following result
Proposition 3.3.5 For eah F ∈ Db
R-c(CM ) one has the isomorphism
ρ−1Hom(F,DbtM ) ≃ (F,DbM ),
ρ−1RHom(F, C∞,wM ) ≃ D
′F
w
⊗ C∞M .
Proof. We may redue to the ase F = kU with U ∈ Op
c(Msa). Let
V ∈ Opc(Msa).
By denition of we have Γ(V ; (CU ,DbM )) ≃ Γ(U ∩ V ;Db
t
V ). Let us
onsider a subanalyti W ⊂⊂ V . The natural morphism Γ(U ∩ V ;DbtV ) →
Γ(U ∩W ;DbtM ) denes the morphism
ϕ : Γ(U ∩ V ;DbtV )→ lim←−
W⊂⊂V
Γ(U ∩W ;DbtM) ≃ Γ(V ; ρ
−1ΓUDb
t
M).
Sine the family {W ∈ Opc(Msa); W ⊂⊂ V } is a overing of V and
(CU ,DbM ) is a sheaf ϕ is an isomorphism.
To prove the seond isomorphism we shall rst prove the isomorphism
(3.1) Hom(F, C∞,wM ) ≃ H
0D′F
w
⊗ C∞M
for F ∈ ModR-c(CM ). We may redue to the ase F = kU with U l..t. and
subanalyti. Let V ∈ Opc(Msa) suh that V and U ∩ V are l..t. and let
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us onsider the family T = {W ∈ Opc(Msa) l..t.; W ⊂⊂ V, W ∩ U l..t.}.
The natural morphism ψ : Γ(V ;CU
w
⊗ C∞M ) ≃ W
∞
V,V ∩U
→ W∞
M,U∩W
≃
Γ(X;CU∩W
w
⊗ C∞M ) denes the morphism
ψ : Γ(V ;CU
w
⊗ C∞M )→ lim←−
W∈T
Γ(X;CU∩W
w
⊗ C∞M ) ≃ Γ(V ; ρ
−1ΓUC
∞,w
M ),
where the seond isomorphism follows sine the family T is onal in {W ∈
Opc(Xsa); W ⊂⊂ V }. Sine the family T is a overing of V and CU
w
⊗ C∞M
is a sheaf ψ is an isomorphism. Hene we get the desired isomorphism.
Now let F ∈ Db
R-c(CM ). We have the hain of morphisms
D′F
w
⊗ C∞M ≃ “lim−→
F ′→F
Hom(F ′,CM )
w
⊗ C∞M
≃ “lim−→
F ′→F
ρ−1Hom(F ′, C∞,wM )
→ “lim−→
F ′→F
ρ−1RHom(F ′, C∞,wM )
≃ ρ−1RHom(F, C∞,wM ),
where F ′ → F ranges to the family of qis. By Theorem 2.1.2 we may sup-
pose F ′ ∈ Kb(ModR-c(kX)) and then the rst isomorphism follows from
(3.1). We have “lim−→
F ′→F
Hom(F ′, C∞,wM ) ≃ RHom(F, C
∞,w
M ) and the result fol-
lows sine ρ−1 is exat. ✷
Now let X be a omplex manifold, XR the underlying real analyti mani-
fold and X the omplex onjugate manifold. One denotes by OtX and O
w
X the
sheaves of tempered and Whitney holomorphi funtions respetively whih
are dened as follows:
OtX := RHomρ!DX (ρ!OX ,Db
t
XR
)
OwX := RHomρ!DX (ρ!OX , C
∞,w
XR
).
By denition, OtX and O
w
X belong to D
b(ρ!DX). The relation with the
funtors of temperate and formal ohomology are given by the following
result
Proposition 3.3.6 For eah F ∈ Db
R-c(CX) one has the isomorphisms
ρ−1RHom(F,OtX) ≃ (F,OX ),
ρ−1RHom(F,OwX) ≃ D
′F
w
⊗OX .
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Proof. We have the hain of isomorphisms
ρ−1RHom(F,OtX ) ≃ ρ
−1
RHom(F,RHomρ!DX (ρ!OX ,Db
t
XR
))
≃ ρ−1RHomρ!DX (ρ!OX ,RHom(F,Db
t
XR
))
≃ RHomDX (OX , ρ
−1
RHom(F,DbtXR))
≃ RHom(OX , (F,Db
t
XR
))
≃ (F,OX).
The proof of ρ−1RHom(F,OwX) ≃ D
′F
w
⊗OX is similar. ✷
A Appendix
A.1 Review on subanalyti sets
We reall briey some properties of subanalyti subsets. Referene are made
to [1℄ and [10℄. Let X be a real analyti manifold.
Denition A.1.1 Let A be a subset of X.
(i) A is said to be semi-analyti if it is loally analyti, i.e. eah x ∈ A has
a neighborhood U suh that X∩U = ∪i∈I∩j∈JXij , where I, J are nite
sets and either Xij = {y ∈ Ux; fij > 0} or Xij = {y ∈ Ux; fij = 0}
for some analyti funtion fij.
(ii) A is said to be subanalyti if it is loally a projetion of a relatively
ompat semi-analyti subset, i.e. eah x ∈ A has a neighborhood
U suh that there exists a real analyti manifold Y and a relatively
ompat semi-analyti subset A′ ⊂ X × Y satisfying X ∩ U = π(A′),
where π : X × Y → X denotes the projetion.
(iii) Let Y be a real analyti manifold. A ontinuous map f : X → Y is
subanalyti if its graph is subanalyti in X × Y .
Let us reall some result on subanalyti subsets.
Proposition A.1.2 Let A,B be subanalyti subsets of X. Then A ∪ B,
A ∩B, A, ∂A and A \B are subanalyti.
Proposition A.1.3 Let A be a subanalyti subsets of X. Then the on-
neted omponents of A are loally nite.
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Proposition A.1.4 Let f : X → Y be a subanalyti map. Let A be a
relatively ompat subanalyti subset of X. Then f(A) is subanalyti.
Denition A.1.5 A simpliial omplex (K,∆) is the data onsisting of a
set K and a set ∆ of subsets of K satisfying the following axioms:
S1 any σ ∈ ∆ is a nite and non-empty subset of K,
S2 if τ is a non-empty subset of an element σ of ∆, then τ belongs to ∆,
S3 for any p ∈ K, {p} belongs to ∆,
S4 for any p ∈ K, the set {σ ∈ ∆; p ∈ σ} is nite.
If (K,∆) is a simpliial omplex, an element of K is alled a vertex. Let
R
K
be the set of maps from K to R equipped with the produt topology. To
σ ∈ ∆ one assoiate |σ| ⊂ RK as follows:
|σ| =
{
x ∈ RK ; x(p) = 0 for p /∈ σ, x(p) > 0 for p ∈ σ and
∑
p
x(p) = 1
}
.
As usual we set:
|K| =
⋃
σ∈∆
|σ|,
U(σ) =
⋃
τ∈∆,τ⊃σ
|τ |,
and for x ∈ |K|:
U(x) = U(σ(x)),
where σ(x) is the unique simplex suh that x ∈ |σ|.
Theorem A.1.6 Let X =
⊔
i∈I Xi be a loally nite partition of X on-
sisting of subanalyti subsets. Then there exists a simpliial omplex (K,∆)
and a subanalyti homeomorphism ψ : |K|
∼
→ X suh that
(i) for any σ ∈ ∆, ψ(|σ|) is a subanalyti submanifold of X,
(ii) for any σ ∈ ∆ there exists i ∈ I suh that ψ(|σ|) ⊂ Xi.
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A.2 Sheaves on Grothendiek topologies
We reall the denitions of a Grothendiek topology. We will not treat the
most general ase, for whih we refer to [8℄. We will follow the presentation
of [14℄ and [7℄.
Let C be a ategory admitting nite produts and ber produts, and given
U ∈ C, denote by CU the ategory of arrows V → U . Given a morphism
V → U and S ⊂ Ob(CU ), one denotes by V ×U S ⊂ Ob(CV ) the subset
dened by {V ×U W → V ; W ∈ S}.
Denition A.2.1 If, S1, S2 ⊂ Ob(CU ), one says that S1 is a renement of
S2 (S1  S2 for short) if any V1 → U in S1 fatorizes as V1 → V2 → U with
V2 → U ∈ S2.
Denition A.2.2 A Grothendiek topology on C assoiates to eah U ∈ C
a family Cov(U) ⊂ Ob(CU ) satisfying the following axioms:
GT1 {U
id
→ U} ∈ Cov(U),
GT2 if Cov(U) ∋ S1  S2 ⊂ Ob(CU ), then S2 ∈ Cov(U),
GT3 if S ∈ Cov(U), then for eah V → U , V ×U S ∈ Cov(V ),
GT4 if S1, S2 ⊂ Ob(CU ), S1 ∈ Cov(U) and V ×U S2 ∈ Cov(V ), then S2 ∈
Cov(U).
An objet S ∈ Cov(U) is alled a overing of U .
Denition A.2.3 A site X is a ategory CX endowed with a Grothendiek
topology.
Let CX and CY be two ategories admitting nite produts and ber prod-
uts. A funtor of sites f : X → Y is a funtor f t : CY → CX whih
ommutes with ber produts and suh that if U ∈ CY and S ∈ Cov(U), then
f t(S) ∈ Cov(f t(U)).
Now let k be a eld.
Denition A.2.4 Let X be a site. A presheaf of k-modules on X is a
funtor CopX → Mod(k).
One denotes by Psh(kX) the abelian ategory of presheaves of k-modules
on X. Let F ∈ Psh(kX), let U ∈ CX and onsider V → U ∈ CU . The
restrition morphism F (U)→ F (V ) is denoted by s 7→ s|U .
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Let F be a presheaf of k-modules on X and let S ⊂ Ob(CU ). One denes
F (S) = ker
( ∏
V ∈S
F (V )⇒
∏
V ′,V ′′∈S
F (V ′ ×U V
′′)
)
Denition A.2.5 A presheaf F of k-modules on X is a separated presheaf
(resp. a sheaf) if for eah U ∈ CX and eah S ∈ Cov(U) the morphism
F (U)→ F (S) is a monomorphism (resp. an isomorphism).
One denotes by Mod(kX) the ategory of sheaves of k-modules on X. We
set for short HomkX instead of HomMod(kX).
We reall the onstrution of a sheaf assoiated to a presheaf. The relation
 denes a preorder on Cov(U), U ∈ CX . Let F ∈ Psh(kX), one denes
the funtor (·)+ : Psh(kX)→ Psh(kX) in the following way. For eah U ∈ CX
F+(U) = lim−→
S∈Cov(U)
F (S)
Theorem A.2.6 (i) The funtor (·)+ : Psh(kX)→ Psh(kX) is left exat,
(ii) if F ∈ Psh(kX), then F
+
is separated,
(iii) if F ∈ Psh(kX) is separated, then F
+ ∈ Mod(kX),
(v) the funtor (·)++ : Psh(kX)→ Mod(kX) is exat,
(iv) let F ∈ Psh(kX) and G ∈ Mod(kX), one has the adjuntion formula:
HomPsh(kX)(F, ιG) ≃ HomkX (F
++, G),
where ι denotes the embedding funtor.
Let F ∈ Psh(kX), the sheaf F
++
is alled the sheaf assoiated to F .
Proposition A.2.7 Let F,G ∈ Mod(kX). A morphism ϕ ∈ HomkX (F,G)
is an epimorphism if and only if for eah U ∈ CX there exists {Ui}i∈I ∈
Cov(U) suh that for eah s ∈ G(U) there exists ti ∈ F (Ui) suh that ϕ(ti) =
s|Ui for eah i.
Let f : X → Y be a morphism of sites. Let F ∈ Psh(kX) and G ∈
Psh(kY ). One denes the funtors
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f∗ : Psh(kX) → Psh(kY )(A.1)
f← : Psh(kY ) → Psh(kX)(A.2)
in the following way: let U ∈ CX and V ∈ CY , then
f∗F (V ) = F (f
t(V ))
f←F (U) = lim−→
U→f t(W )
G(W ),
where W ∈ CY .
Denition A.2.8 Let f : X → Y be a funtor of sites
(i) the funtor of diret image f∗ : Mod(kX) → Mod(kY ) is the funtor
indued by (A.1),
(ii) the funtor of inverse image f−1 : Mod(kY )→ Mod(kX) is dened by
f−1 = (f←(·))++.
Proposition A.2.9 (i) The funtor f∗ is left exat and ommutes with
lim←−,
(ii) the funtor f−1 is exat and ommutes with lim−→,
(iii) (f−1, f∗) is a pair of adjoint funtors.
Denition A.2.10 Let X be a site and let F,G ∈ Mod(kX).
(i) One denotes by Hom(F,G) the sheaf U 7→ HomkU (F |U , G|U ),
(ii) one denotes by F ⊗G the sheaf assoiated to the presheaf U 7→ F (U)⊗
G(U).
Proposition A.2.11 Let F ∈ Mod(kX), G,G
′ ∈ Mod(kY ).
(i) HomkY (G, f∗F ) ≃ f∗HomkX (f
−1G,F ),
(ii) f−1(G⊗G′) ≃ f−1G⊗ f−1G′.
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